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PREFACE. 


Oj^R School Geometry, whicli ImH^uul a favoiirabip iec(‘ption for more 
Jthan. twenty yeaffa, was fiist issued at a tune wlu'n the teaelnrifr of 
#tometry was in a transition state, passing froni tlfr strict formality 
of Euclid to methods oi^/zrester fuMslom and eliistieity. Jn such 
circumstances the text-hooks of the day eould only adopt a cautious 
and tentative treatment of their subject. Oui own attitude was 
sufficiently intiicated ili the following iwiragraph quoted fiom our 
Efface, bearing dat(‘ Nov. 1903 : 

“An attempt* has bcKUi ipiide to curtail the excessive body of 
text whicjjt^the dernanl^s tf Examinations have hithiTto fo^ed as 
‘ bookwork ’ on a beginner’s memory. Even of the Th(>oromR here 
given a certain numlifir (which*^wc have distinguished with an 
asterisk) might bo ortiitted^O|^ postponed a4 the discretion of the 
teacher. And the formal pro|) 08 itions for w^ich — as such — teacher 
and pupil are held responsible, nfight perhajis he still further limiU'd 
to tho^which make the lal!d%iarks of Elementary (Jeometry. ’Fimo 
so gained should be used in getting the pupil to apply his knowk^ige ; 
•and the working of examples Should be made as important a part 
I of a lesson in®Geometry as it so consj^ered in Arithmetic am^ 
Algebra. * 


' In Ibe course of years developments have arisen to clear the 
air in all branches of ElenjjPntaiy Mathematics. In Geometry there 
has been for aome time a giowing feeling in favour of simplifyiflg 
the subject, by adopting a still shorter ordinary school course, and 
devising a sequence* likely to iie accep^ble both |o teachers and 
examiners. With th^ endswn view, in Jan. 1923 the Incorpora^ 
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»ppeal to toMhere'tlvoughout the kingdom, putting forward a 
Syllabus of Elementary Geometry on the lines atove m(J(<))yfed. It 
was a genuine effort tR feduce the confusion of thHst twenty ye^ 
to sonft sort of ord»r and agreerifent, and embodied valuab^ 
reoommendaaions as to the beat use of time and material m W 
class-room. • ' 

Some radical revision of our School Qtoimtrij had long been over- 
due ; but it is not easy to make changes satisfactcfrily in a text-book 
which is being widely used. It is inconvenient ^th to teachers and 
pu pils i A wo or more editions ar^ in use in the sa^ne class. Moreo veT, 
a mere revision—however thorough-would not have met the needs 
of the case, and would have entailed insuiierablc difficulties in^ 
8toreotyi>ed book* containing hundreds of rliagrams. 

Guided by such considerations, and with a distinct lead oflEered 
us by the Syllabus above mentioned, we have now undertaken the 
present work under the title .1 Shorter School Gemmtra. To a large 
extent it will bp found to differ in plan and detail from our fornigr 
work, though wo liavo bec‘n able to drawjnuch useful material from 
that sou rce. Though not wholly in agwemenj with fhe new Syllabus, 
we havt' followed many of its suggestions* and have ther%hy^ffected 
rsubstantial improvement, in mattem of order and arrangement, 
without sacrificing the distinguisblng feature which contributed so 
largely to the success of our earlier 

The following speciaV iKiinta may bo mentioiiea : 

(i) The IntroductUm (pages 1-42), w^ich furnishes a ^1 and 
« systematic course of F)xjK'rimental and Practical Geometry, to precede 

any theoretical work. ^ « 

(ii) The very full treatment oi^CongrucTUX. of 'J^iangka, both.^ 
fractically and theoretic^ly, .as gif en tin the Introduction and in 
Section 1. To emphasize this most iipff^j^nt part of a beginners^ 
course |ho examples given for practice are numerous and easyf See 
pages 30-38, 60-63, 68-73. 

*{ui) All through the book the exainples have untJergone careful 
revision and have been largely increased in number, many being 
sunplied with diagrams ariU hints f^r ^lution. For the most ^rt 
these have b^en distributed throughout thW text in itpmediate . 
connection with the propositions which they depend. Othir^ 
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exercises miscellaneous in character, ♦miinly ^derived from 

recent lya yma tion papers, will be found at the end df the different 
Sections, ^ ^ * 

• (iv) In the presentment of text marginal references to earlier 
propositions have been reduced to a minimum. Reasons for the 
•difterent steji are usually given verbally ; theorems are only occa- 
sionally quoteil by number, and then with some special object. 

(v) jThe diagrams, typographical details, and pagination have 
received very car?M attention : allied propositions ha been 


bought into close juxtaposition? wRile a theorem and its converse 
^11 usually be fdbnd facing each other so that both are under view 
i^the same time. By suitable headings to section^and sub-sections 
we have made it easy fo^a teacher to find his way alwut the book. 
Finally, the pagination has binm so adjusted that a reader will never 


find the argument broken by having to turn over a page. 


The work in its finiSied.form will piobably be fo^nd sulhciontly 
comprehensive for an orc^nary school course, but it is not ofiered 
as a complete substitute for.the School Geometry which, besides a 
fuller t%x4^contains imielF additional matter adapted to the needs 
of those whose studies go beyond the usual school limits. lor such ^ 
readers a suitable aequi^l to the*yre8ent work will be found in the 
School Geometry, PartipV. and ^1., which can be obtained separately, 
or together in a smgle volume. 


We Jiave been unable to make use of the Report recently issued 
by the Mathematical Association, as it did not come into our hands 
till our own work was too far advanced. The whole of Part I. (the 
"present volume) and much ofVart II. was complete in manuscript, 
•and some of it in the press, se ^eral qionb’is ago ; but the progre^ 
of our work has been mu'.>h^delayed through the exigencies of old 
"kge and ill-health.. It hoped that the publication o^ Part II. 
(already far advanced) wilj not be 8ubject<‘d to similar interruptions. 


We are in^bted to several Examining Bodies for permission to 


use examples from their papers. In particular, our thanks are due 
to the courtesy of tfie Controller of His Majesty’s Stationery Office, 
the Can4)ridge SyndisJate for Local Examinations an^ Higher Sch^ 
Certificate Examinations, the Oxford and Cambridge Schools Exai^* 
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nation Boar» the (Jivversity of London, the Univereity of Bristol, 
the Joint Mllrieulation Board of the Northern Universities (Man- 
chester, IJverpool, l^eeds, Shedield. and Birnnti'gham), and the 
Central Welsh Boards 

We wish also to express oiir thanks to Mr. H. C. Beaven of Clifton 
Colle^'e, not only for valuable assistance in reading thp proof-sheots,. 
but also for many useful suggestions in all parts of tlfb book. 

FI. y. HALL. 

?. 11. STEVENS. 

April, 1924. 
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.INTRO DUrnON. 

• 

•Definttio?^ am> Fikst I'rincii’les Illustrated 

KxI’ERIMENTALLY. 


•I. Axioms. 


All niathoinatioal reasoning' is foumJi'd on ri'rtain simple 
principles, th*» truth ^of which is so cvu.lent that they are 
acc'ijited without proof. Jhese self-evident Irutlis are called 

Axioms. 


For instance . 

Thintp ^L^iivh are equal to the saute thuuf ate equal t* one 
another. ^ 

Axioms are said t(t h^^qettfiral wlfcn, lik<- that quoted above, they 
apply equally to niaKuitudes otj^ilf^inds. 'I'lu-sc^do not, need parti^ilar 
enumeration. Certain s[x*eial axioni.s, relatin|^ only to geometrical 
magnitudes, will be stated from tin#* to time as they are re(j[uircd. 


II. Points, Lines, Si’iiFArES. 

Every beginjier knows in a*jn‘neral way what is meant by a 
fioint, a Ime, and a surfac^. «r{ut in "cijmetry these terms are * 
used in a strict sense whicji needs some exfilanation. 


.1. A poii\t has positio*, biiA is said to have tm magnitude. 

This means that wo are to aftach to a point no idea of size either as 
to length or breadth, but to think only where it is situated. A dot made ’ 
with a sharp pencil may be taken as roughly representing a point ; but 
small as such a dot may be, it stilf has ww^length and "breadth, and m 
therefore not actually a ||pometrifal point. The smaller t^p dot, however, 
Ih^more ifearly it represents a point. 


, U.Sh.G 
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2. A ha^ length, but is said to have m breadth. 

A line is traced out a moving point. If the point atpencii is 
moved over a sheet ^)ftf)a|)er, the trace left rcprcsllife a line. But* i^uch 
a tra^e, however finely drawn, has sofio degree of breadth, and is there* 
fore not itself a true^ geometrical liril. The finer the trace left by the 
moving pedoil-point, the more nearly will it represent a line. * ^ 


3. Proceeding in a similar manniT fron? idea of a line 
to the idea of a surf act*, we say that 

A surface has Icngtlj ancy)rcadth,1i)iit no thickness. 

And finally, • 

A solid has l(‘ngth, breadth, and thickness. » 

Solids, surfaces, lines and points are thus^elated to one another : 

(i) A solid is bounded by surfaces, 

(ii) A surface is bounded by lines ; and siyfaccs m#et in lines. 

(iii) A lino*is bounded (or terminated^ by points ; and lines meet in 

points. * 

• • • 

4 . A line may be straight or curved. 

A straight line has the saMte direction from point to point 
throughout its whoK*, length. % , * , 

A curved line changes its direction continually from point 
to point. * 

t • 

Several kinds of line (marked AB) are shown beloW, each having a 
straight line ruled across it for comparison. 



Ex. 1 . Marie a point on your paper, and call k A. How m Any strai^t 
lines, having different directions, can be drawn through the point 



STRAIGHT HN^S. 




Ex. 2. Mark two points A and B. How many atfaight lines can be 
drawn through A and B ? How many curved lino* can bq^rawn from 
AtoB?* •• 

Observe that the«}fl?«ition and direction of a ilrctighl line are fixed if 
ft'e know tieo points thn)ugh whichdt passes. , • 

E9c.*3. Can a straight line cut another straight fine nt mffo than one 
point T Can a straight line cut a curved line nt more than one point ? 

* Ex.. 4. . Of tU^the linos that can be drawn from a point A to a point B, 
which is the shortest ? 

Ex. 5/ What is^hc least number of straight lines that can enclose a 
apace ? Can two curved lines enclo.se a sjiace ? Can one curv^ line 
enclose a s^mce T * 


6! The 
lllidstrftted 
Axioms. 


abowi Exercises, which should iu each case be 
by a drawing, lead to the following Axioms 

(i) Two straight lines can cut at only one point. 

(ii) Only one straight line can he drawn through 

two given points. 

(iiif The straight line joining two points is the 
shortest distance between them. • 


Note. When wg rule a straight line from a point A to a point B we 
are said to join AB. • 

A finite 4<yjt«rminated) straight line w said to Ik* produced whe%it is 
prolonged to any length m that straight line. 


To bisect means to divide intd^two equal parts. 

In every finite straight li#e there is 4 )ne point at equal 
distances from the two ends. • 

That is to say : • 

Every finite straight line^a^ a point of bisection. 


{M easureinent^f Straight Lines.) 

* *,8. For measuring straight iTines the pupil will need a scale 
showing inches and tenths p/ an t>c/t*along one edge, and along 
•the other edge centimetris ahl millimetres. 

The few instructions reguirqj for the use of such a scSle are 
•best given orally. ^ • 

The units on the scale are divided int» terUhs in order that measure- 
ments may be recorded decimally : Thus 

(i) Three and seven-tenths xnctfks should^ written 3*7 in., or 3’7'. ^ 
« (ii) Eight-tenths of rfi inch sSould be written 0*8 in., <y 0*8"'. 

(ii) Five centimetres four milli'^res should Ite written 6-4 cm. 
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Ex. 6, Measure the lengths of AB and CD in inches and tenths of 
an inch. S < 

^ “ .• 


C D 

Ex, 7. Mea.sure the above linas AB and CD aa nearly as you can in 
centnnetrcH and millimetres. ' «* 

Ex. 3. Measure AX and XB m inche.s and •tenths of an inch, and 
add your results togiither. Te.st yo#^ work by measuring AB. 


A , X . B 

Ex. 9. Measure AX and XB in centimetiVes and millimi'trcs, and find 
their (litTerenee. Test your result by mea.suimg AB. 


A B ^ « X 

o • o 

Ex. 10. (i) Mea.sure AB, AX, and KY in inches and tenths of 
an inch ; hence reckon the length (»f YB, and tist your result by 
measurement. * » * 

1 H 

A X . Y B 

• •• 

(ii) Menaute AY, YB. amVXP in centin^etre.s, and hence find 
AY i YB - XB. What line .should you now mea.sure to test your result 7 
( 

Ex. 11. Draw straight lines to show tl^j' following lengths ; 

2-fi in., 5 0 cm., l-S", * 4’7 cm., 0'8 in. 

8 2 cm., 3 r, 0-7 cqi., 0 mm., 33 mm •• 

« Ex. 12. Draw’ a line ^B of length; 7 -2 cm. By measurement, cut off 
from it AP equal to half AB, rfnd AQ eqhal to one-third AB. Find with 
your dividers how' many time.s PQ is tofit^ined m AB. E.xplain .your*, 
result hy finding the value of ^ - J . v ' • • 

^ Ex. 13. Draw a line 4 inches in length. Measure it<^* terms of centi-. 
metres and millimetres. Divide your Yesult by 4, and thus find the 
equivalent of 1 inch in cnis. 

. Ex. 14. Draw a line iff centimetrea in length. Measure it against 
your inch scale Divide the result by 10, and ^hus find the (pquivaleiit. 
of 1 centimetre in term^of inches. * t 




MEASUREMENT OP SJTRAJGHT LINES# 

7. So far linos moasurod in inohcs and tenths of an inch 
have containW an exact number of tenths. Tllfe will not 
always 1)0 *s?>. E 4 )ji*e\ample • 

' . A_ i B 

** f ' ' 1 ' ' i r ri rfrr:] 

, -0 . 1 2 3 

the Tine AB is^non' than 2 4" and less than 2'5". In this case 
we may numtall*'* divide the tenth in which B falls into ten 
equal fiarts, that is to sav, into hundredths of an inch, ami 
judge as nearly as v?e. can hc^' many of thes(‘ hundri'dtns are 
to be added to 2-1. In this instance about .seuoh hundredths 
sljould he adde<f . so that the length of AB is about 2 47". 

^x. 16 . McaHuro (he fitmijrht lines named below; first in inches, 
tenths, and (as nearly as you ean) in hundudih '^ ; (hen in centimetres and 
millimetres. Tabulate your results as indieated Ixdow 



# 

. 8. A plaice is & fUU surfacet the test of flatness being that 
if any two pefnts are takqp in the surface, the straight lintj 
between them lies wholly in that surface. 

This may be illustrated by lavrig the s(jaiKht-cdgo of a ruler on a 
table, and noticing that the length of the edge always rests upcti 
tMb surface, in ichateve^poaition the ruler is 'placed. Buf if the ruler 
piddled in the hollow of a basin, o^ly the ends rdlt on the surface. 
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III. Circles. 

' ft 

1 ., When a point (P) moves so that its 
distance from a fiked point (O)'is always 
the same, the curved line so traced out 
is called tho circumference of a circle, 
and tho fixed point is called the centre. 

Note. Strictly apoakinR the woT(]^t'ircle means the figure enclosed by 
the curve, but it is often used fas equivalent to tho curve itself, namely 
tho ciroumferenoe. ' 

A circle is drawn with companHen, the steel point being kept 
at the centre, while the pencil point traces out the circum- 
ference. Every point on the curve so traced is at the same 
distance from the centre, for the span of thO' compasses is 
unaltered as they turn. ^ ^ 

* 

2. A straight line drawn from' the cfcntre of a circle to its 
circilmfcrcnee is called a radius. All radii of h' circle are 
equal. 

« ' ^ 

3' All circles are of the same sJmpe, however large or small 
they may bo. ' « 

Two circles of equal radius are* of tho same shape and siz^ 
and each is an exact copy of tlie other. 

r 

4 . Any straight liho drawn Vhrough 
and terminated each way by the.cir^ 
ciimfefence is calltxl a diameter. 

An arc is any part of the ^ircufti- 
ference of a circle. 

A chord is the straight line joining 
the ends of an^arc ; thaUis, the straight 
Ihie joining j^any two points on ‘the 
(fircumference. » 


the centre of a circle 





EXERCIflBS ON CIRCLES. 

• * , 

tx.l. Take a distance of 5 centimetres in your oompassos, and with 
a fixed point O as centre draw a circle. Note that (i) every^int on the 
oirenraf^nf!^ must bo r» cm. distant from the aeutre 0 ; (i^overy point 
which.is .'5 cm. fronU^^nust. be on the circumference^ 

• Explain .why the circumference must be a c/oi*ed ourvo. ^ 

Ifx? 2. What is the greatest number of points at which actraight line 
can cut the circumference of a circle ? 

* • •• 

E)^. 3. Tak^a point 0 as centre and draw a circle with a radius, say, 
of 1*5 inches. Drjw an?/ iliametcr AB. Now carefully cut your circle 
out, and fold it about the diameter AB, thus dividing the circle into two 
parts. Do you find thpt one part fits exactly over the other ? aidf so, 
this shoivs that the two part.s are^ the ^ame sizf and shape, 

• 

•*« 

The two equal parts into whicli a circle is* divided by a 
diameter are called semi -circles. 


Ex. 4, Draw a ( irclc of diameter 3M)', and on the circumference 
mark a jximt )C From X draw two chords, one DO' long, the other 
2*0* long. What is the length of the longest chord m this circle ? 

• • • 

Ex. 6. In the figure of i<tt. 4 notice that the chord PQ divides the 
circumference into^teo arcs. Point them out. Can a chord ever cut off 
two e/pial arcs ? Which fs the longer lino, an arc, or the chord which 
joins its eftdk«f • 

Ex. 6. Draw a circle, say of raiBus 2*0", and 
with the same radius in^k off points round the 
circumference. How many can you thufi 
take ? Six exactly. Are tne arcs which you thu| 
cut off each 2' in length ? Are thc^ more or less 
than 2" 7 Join the points division in order. 

Are the chords each 2* in lenfdh ? Why so V 
Join the centre to each point of division, and 
*thua complete the iiattem shownan the margin. 


{Two or nwre^ifclfs. Intersection of circles.) 

Ex. Mark a point O on your paper, and from 0 as centih draw 
jiiree circles, ope of radius 34 cm, fthe next of radius 4*0 cm., the third 
•of radius 4*5 cn# Notice that Jthe circumferences do not cross or cilt 
ono another. Why not ? 



^Circles which h^e th® same centre are said to Hfe 

concentric. - * • 
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Ex. 8. (i) Take two points A and B, 7 cm. apart. With A as 6entfe 
draw a circle >f radius 4 cm. ; and with B as centre draw a circle of radius 

2 cm. Explain why each eirele is outside the other. )Vhat is the 
shortest distance betuepn the circumferences ? 

(ii) ' Again take two’points A and B, 7 cm. apart; and, as before, 
with A as critic draw a circle of radiiis 4 ein. But this time draW fi^n'm 
centre B a circle of radius 5 cm. Why do these circles overlap ? At 
how many points do the circumferences cut one another ? 

(iii) Once more take two points A and B, 7 cm. apart, and with A and 
B as centres draw two circles, one of radius 4 cm., the other of radius 

3 cm. Do the circumferences cross one another ? Do they meet ? If 
your ii’ork is carefully don", the two circles just touch one another. 
Where is the touching point ? Say \%hy. 

Ex. 9 Take^tw'o points A and B, 2 cm. apart ; and with centra A 
draw a circle of radius cm. With centre B draw' a circle of radius 
3 ern. How’ does this circle meet the first, and wliere is the meeting- 
point ? 

Ex. 10. Can you draw two circles which cut one another at more 
than tw’o jioints ? Try. 

Ex. II. Take tw'o points 3" njmrt, and call then? A and B. With 
centre A and radius 2^" draw a circle. With centre B and radius 2" 
draw tv .second ('ircle. Call the points at which the circlc.s cnt.'uie another 
P and Q. How' far is P from A and from B ? How far is Q from A and 
from B ? 

Ex. 12. Take two points A and\i,*8 cm. apact. Find with your 
compasses a point w’hn{h is 0 cm. from A and also 0 cm. from B. Can 
you find more than one aueh point*; I low' many ? 

Ex. 13. Draw a line 2’5'' long, and find with your compasses a point 
that is 2’0*' from each end. How man" such [loints are there ? * 

• * * t 

Ex. 14. Take tw'o pmhts X^and 9 em. apart. Find a point which 
la 6 cm. from X and 6 cm. from Y. Hi^jv-many such ])oints are there ? 

c. ' . " ; ' 

Ex. 1 5. Draw a line 3*3' long, ahd find two points et^ch of which is 
2^2^ from one end and 1-8' from the otl^er. « 

Ex. 16, Two forts defending the mouth of a river, one on each aide, 
a;je 20 kilometr^ apart : tBeir guns nave an effective range of 12,000 
metres. Draw^a plan (scale 2 km. to I'cra.) slewing what part of tl^p 
rfver ia exposed to fire from both forts. 
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IV. Angles. 

1 . Whon two«Sl:Vaight lino.s moot at a^rtnt, they are said 
£o form ah angle. • • 

The straight lines me ealhnl the arms of the angle ; and ftie point at 
>yhich they, meet is its vertex. The sum L is used for the Mord r/n^/r. 

The ahglc*twrmed by the straight lines OA.OB is named the anule 
AOB, or BOA ; if tjujre is only one angle at a vertex, it may be named 
by a Bin^e letter, aS the angle 0. 



2. Figs. 1, 2, •and 3 roprtwnt thn‘o angles. In Fig. 2 it is 
seen tlia^tlie arms nvi'*uunr wkIcIij oprticd out than in Fig. 1 ; 
while in rtg. 3 tin* arms are less vulelg ofteued ovt tlian in 
Fig. 1. This we exjiross by sayuig that 

the angle PO€i is than th<‘^ngle AOB ; 

the angle XOY isTo.v.v than the an^lo AOB. 

Thus the size of an an^e does not di-pend on the h'ngth of 
its arms, but only on the slojnt or inclwatu/n of one arm to the 
^other. 


*3. The magnitude of the aTigJe may be thus ('Xjilained : 
; » Suppose that the arrni(3/¥is fixed, and 
that OB turns about the pobd O (as shown 
Joy the arrowJ|, Suppo8(^ als^ that OB 
began its turi>ing from thf position OA. 

Then the size of the angle AOB is measured 
by the amount of turning required to biyng 
tlje revolving arm fjpm itsrfirst position 
DAirinto its subsequent position OB. • 
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4. It 13 important to observe that two straight lines such 
as OA, OBVdrawn fro^n (or to) a point 0, \mve differ ej^t direc- 
tions ; and the wjjle thus formed mcasuMi^ the mfferevce of 
direction. 

« ' *■ 

5, Angles which lie on either q 
side of a common arm are said to he 

adjacent. 

For oxamplp, the angles AOB, BOC, 
whicL have the common arm OB, are 
adjacent. 

Observe that the two adjacent angles AOB, BOC^together makt up 
the whole angle AOC ; 

that is, * the LAOB Mho Z. BOC -the LAOC. 



6, Axioms, (i) If a line OP, revolving 
alioni 0, turns from OA to OB, it must pass 
throiuih one position {and onhj one) in, whifh it 
divides the aitgle AOB into two equal parts. 
That is to say : * 

Every angle may be supposed to have q line 
of bisection. 



(ii) If O is a point in a straight lin^AB, 
then a line OP which turns abont^ from ihe 
jmltion OA to the jmition OB must pass 
through one ]X).sition{and one only) in which 
it makes the adjacent angles AOP, POB equal 
to one another. 


P 



7. When one straight line stands on another so as to make 
the adjacent angles equaUto one another, each of the angfes 
is called a right angle ; and each ii]!Le*^%8aid to be perpenjlicular * 
to the other. 

<1 c 

Axioms, (i) At a given point p in a straight line AB there 
is one, and only one, line perpendicular to AB. 

(ji) All right angles are equal. 

Tluis a rightfangle may be taken ae a'^taudani with which to compSTO. 
dther angles. « ♦ 



ANGLEB. 
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?. A right angle is divided into 90 equal pftfts called 
degrees]®). • . 7 

• • • 


^ Shat is, one right angle - 902. « 


A^^acute angle is less than' <jnc right angle. 

1’hat is, an aciite angle is less than 90“. 

• • •• 

An'obtuse adglo is greaUn than one, right angle, but less than 
wo right angles, i * 

That is, an ^>btuse angle lies between 00” and 180®. 



0 

aSate angle 


O A 

ri^l angle 



0 


oftuse angle 


A 


9 . If 0 is a point in the straight line 
AB, and n*(3P revolvers about 0 from 
the position OA into the positign OB 
(as indicated in the figure), it iurns 
through two right angles, 



If OP makes a complete \evohdion 
«bout 0, starting from OA an^ return- 
yig to its original position (as ir^jlic^ted 
iri*the •figure), it turns throif^h fopr 
^ht angtesy or 360®. • , 



If one arm of an angle, starting from 
the position OA, turns about O until it 
makes a straight line with OA, Uie angle^ 
so^formed is called a jtraigh^ angle. 


B 


llhus the atraight angle AOB=2 right anglee ^=480®. 



/h 
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GEOMETRY. 


10. Ad angle which is greater 
than / m;o r^ht anglesjf but less than 
four right angl(«,/is said to be ■ 

reflejc. . (n) 

• C 

That H, « reflex angle lies between 180® 0 
ami ‘.{(W 

NoTK. When two straight lines meet, tiivi angles &'to furmeil, one 
greater, and one less than two right angles. The first arises by suppos- 
ing OB to have revolved from the position OA the' longer wuy round, 
marked (i) ; the other by supposing OB to have revolved the shorter 
way ?ound, marked (ii). Unh'ss the eontrary’ is stated, the angle between 
two straight lines will be consfderetPto be that which is less than two 
right angles. c 


(AnqlexS at (he Centre of a Circle.) 

11. If a straight line OP of fixed 
length, revolting about 0, makes a 
complete revolution (that is, turns, 
through /our right angles). t h<; point 
P tny^’i'-s out the whole eireuiuferencc 
of a circle ; and while OP turns 
through any angle AOB, the .point 
P traces out the corri'sponditig arc 
AB.t ‘ ^ 

Now siippost* OP turns in^succession through any equal 
.angles, such as AOB, BOG, COD, we^ec at once that the corre- 
sponding arcs AB, BC, CD, trai'cd but by the point P, must also 
be equal. 

It follows that whatever ])a{,t or parts the qpgle AOB is of 
" fottr right atujles (nani:ely,^a complete angular revolution), the 
same part or parts is the, arc AB of ^the^ whole circumference. 

For Vnstance, if the LAOS 45®, that is, one-eighth of then the 
arc AB -one-eighth of the whole ciriuimfelonce. 

If the Z. AOD =1.15®, that is, threef eighths of 36^f*, then the arc 
h^D^three eighths of the whole circumference. And so on. 

^ We may alfeo conclude that if The arcs AB, BC, CD are equal, 
then the angles at the centre op’posite <:o them, namely, the 
I* AOB, BOC, COD a'.e also equal. * 




ANGLES AT THE CENTRE pF A (TRCUE. 13 

^x. 1. What fractions of a right angle are 45”, 30°, 60°, 71°, 371° ? 

Ex. 2« \yhaf fractions of a straight angle Are 120°, lw°, 30°, 674°, 
521°, 117° ? . •• • 

^x 3. How many degrees are /here in I, of a ccfhplde 

angular revolxUion T • 

. E)t. 4. .t)n a clock-face what fractions of the whole circumference are 
arcs ci>ntftihin(J*U.), 12, 36, 54, 371 uunute divisions ? 

Ex. 6.. Through* How many degrees does the minute-hand of a clock 
revolve tn 1 hour, in ] hour, in hour, in hour ? 

Ex 0. Through how many ileflees dx'.s the minute-hand revolve in 
5 mftiuti'.s, in 25 nynutes, in 36 niinute.s ? 

tx. 7. How l<mg Mill It take the minute-hand to Wirn through 48°» 
through 102°, through 0° ? 

Ex. 8. If a w'heel niake.s 10 revolutions a minute, tlirough how many 
degrees will it turn in 1 second ? 

Ex. 9. If th^ spoke a wheel turns through an angle of 168° in 
4 se^inds, how many revolutiws is the wheel making a minute ? 

• 

Ex. 10. The Earth makes a complete revolution about its axis in 
24 hours. Througn what, angle will it turn in 2 hrs. 48 mm. ? And 
how long will jt take to turn through 225° ? • 


12. In the adjoining ligure tht; points A, B, C, etc., are found 
by taking any distant* on tluyoii)pa.s.scK, 
and with it marking olV etpial distanees 
round the circumference. Tile lengths 
thus ‘stopped off’,’ reprote^ted by the 
dotted lines AB, BC, CD, cto , arc all 
•equal. * 

^ We have th«s drawn a serie® of e<iu;d 
chords' The arcs cut off by tfiese chords 
are also equal. Formal^foi)f of this fact 
*wull be given at a later stage. Here its truth ctin oily be 
tested experimentally. This Aay be done by cutting oiit, or 
folding, or byteans of tracing. 

It may now be assumed that in a circle (or in equal circles), 
when we step off equal chorcte, we thereby cut off equal arcsj 
ayd by cutting off eoiial ar^ we can make equal ^nglcs at the 
centre. 
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, ODOMETRY. 


^Measurement of Angles. The Protrartor.) 

c ' ‘ 

13. The primAp’fe illustrated on page l^l[namely, that equal 
angles at the centre of a circle hftve equal arcs opposite to them) 
is applied to the construction and use of the semi-circtilar 
protractor for the measurement of angles. 



end. ♦ 

• j 

(i) To measure the number of degrees in a given angle, place 
the protractor with its centre at the vertex, and the diameter 
in line with one of the arms of the angle ; then observe 
the mark of division on the rim under which the other arm 
passes. 

(ii) To make an atfgh of a given number of degrees {sdy 53®), 
draw one arm OA ; place the protractor with its centre on 0 
and diameter in line with OA ; mark a point on your paper 
as close as you can to the 53rd division on the rim ; remove 
the protractor and join the vertex O to the poiht so marked. 

Note. In measuring a given angl^.the pupil must be careful to read 
the number of degreos froth the right set of numbers. Mistakes, how- 
ever, can always ^ avoided by first ofc^rving <whether the angle to he. 
injured is acute or obiuse. 


MEASUREMENT (W ANGLES. 
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£x. 1l. In the following tigure inoaBuro the angles named below: 



Y P Q* R S X 


z.APX*=* , ^BQX- , Z.CRX- , ^DSX- 

z.APY= , Z.BQY , 1.CRY- , ^DSY-^ 

Z.AOB= , tAOb -• ,• .-AOD- V lBOD-- 

Also measure the < 1 " BOC, COP, F^R. How many degrees are there 
in the refier angle BOR ? HiJfc’ gan you determine IhiB from the figure 
by a single raeAsurement ? 

• 

«,Ex. 12. Dra# a straight line of length 3 inches. By means of 
yotir pnJtractor draw lines making the h^Iowiitg angles with AB : 

. * (i]^62°, (ii) 27°, (iv) 157°, (v) 123°, (vi) 49°. 

^ (This may be/lone in a single figuift.) 

Also from B dfaw lines makiag the above angles with BA. 

* Other angles with ^rms^of convenient length for measure- 
► merit should here he provided by ihe teacher. 
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O^METRY. 


Ex. 13. Draw a straight Imo AB <»f Ifngth 8 cm. From A draw two 
linos, one oli/^cach .side of AB, each making an angle of 47/ with it. Reiieat 
the process, making angles of 75® and 151® <»n each side ot AB.' (This is 
to he done m a single, hgure ) 

Ifiyour figure were folrled about /^B, how would the lines on one side 
of AB fall with regard to those on tile other side ? < 

Ex. 14. Draw a line BC of length 5 inches. At B maj<e an angle CBP 
equal to 52®, and at C make an angle BCQ equal to 53° on the same 
side of BC. If BP ami CQ intersect at A, meawire the four angles at 
that [loint. 

Ex. 15. AD is a line PS niches cn length, and it is produced to B 
making DB equal to AD, At A make the angle BAp tsjual to 54°, and 
at B make the angle ABC equal to 5h°. If the arm.s of the angles meet 
at C, and CD iil'joined, measure CD, and all the angles at C and D. 


Ex. 16. Draw an angle of 55" with your pro- 
tractor ; thmi, with ruler and coinpaSvHcs, construct 
another angle three tunes the si/.e of the first. ‘ Test 
your con.strucfion by measurement. 



Eft. 17. T want to draw an angle fiie times as great as a^glven angle A. 
Explain in your own words how this may lie done. 


Ex. 18. Draw' a c'rcle with cei\*re 0 and any 
radVds. Step off this radius from A to b on the cir- 
cumference, and join C'A, OB. ^ 

What fraction is the L AOB of Jmir rrqht angles, 
and why? How many degrees aredhero in the 
LAOB ? Answer, then test hy measurement. 



Ex. 19. Draw an angle of 120", jiing ruler and oompaases only. . 


Ex. 20. With youi protractor draw alright angle B| 
AOB. '> With centre 0 and any radius (.say 7 cm.) draw 
the arc AB. What part of the whole cia'umference is 
this arc ? , \ 

From centre A, with the same radius, cut the are 
at P ; and from centre B, with the same radius, cut the 
arc at Q,. JoirfOP, OQ. * ^ 

' How large aip the L* AOQ, QOP. PO^ ? Answer, giving your 
when measure. 




ADJACENT AIJGLES. 
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{Adjacent Anfjles.) 

14. . firaV a straif^ht lino AB, and from^any ])oint 0 in it 
draw another strai^dit lino OC in ani/ diroetjon. 



B • (J ^ A 


IV^asurc tho aft^lo AOC ; and, inlhoui niontifj the protractor, 
measure the adjacent an^h* BOC. Add togoflior the two 
results. 

Evidently l AOC + ^ BOC - 1 HO decrees , 
for w'hatovor may ho the din-ction of OC. the adjacent angles 
AOC, COB togeftier imU<o uj) tlx' straoiht angle AOB ; and we 
hav('«soen that a straight aftgle is equivalent to 2\}<ilit angles, 

or 180 '\ * 

• 

When the sum of two angles is equal to two right angh's, 
each is saifl bo tho supplement of the otluT. 

Thus, in the above figure, the Hiip|iloment of the _ AOC Js the lCOB, 
The supplement of 78’ is lp 2 ', for the sum of ifu'se angles - JHO^ The 
supplement of x degrees is 180 ^ <, Agrees. • • 

Ex, 21. As in the last figure 00> is drawn from a jioint 0 in the 
straight line AB. • 

(i) if the _ AOC •fu'. reckon the _ BOC. 

(li) if the ^BOC 1J0'\ reckon the _ AOC. 

0 ^ (lii) • if the _ AOC ^ I.Ti'’, reckon the BOC, 

Ex. 22. Write down the siijinlernents of the folk jwing angles : 45 °, 
0O°> 120^ 71°, 1.85°, 148° ; alho ot one third of a right angle, one-fifth of 
a right angle, tivo-lhird^ of a straight angle, three -quarters of a slfaight 
angle. ’ , • • 

*9 • 

Ex. 23. Draw’ a .straight line AB, and from a /C 

point O in it draw any straight lines OC. OD, on P / 

the same side of AB. Measure thli angles dVOC, / 

cop, DOB, and find their sum.^ Account for the 

r«rto. ' , B • O A . 

B Sh.Q, 
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QgOMBTRY. 


Ex. 24.-* From a point 0 diaw any three 
straight lin^M OA, OB, OC. Measure the u AOB, 
60C, COA, and tit’ the folhkwing : < 

, _ AOB i _ BOG +/- COA di'grces. 

Tight angles. 

Account for th(‘ result. 


Ex. 26. In the figure of F\. 24 : 



( i) If _ AOB 1 2.V, and _ BOG 82". reckon the L COA. 
(li) If :.AOB Mtul ^AOC - 152", n'ckon the _BOC. 


Tn eacli eas<- test by ineasufetnenf. 


Ex. 20. Draw a straight line OX. Make 
the angle XOP 55"; and on the other side 
of OX make the angle XOQ 12t)° Are 
OP and OQ in one straight line ? If not, 
how should OQ be turned, so aa to bung 
into line with'OP ? 



V., 




Ex. 27. Repeat the last exerci.se, making the angle XOP “ 107°, and 
the angle XOQ - 00". Through how many degrees must OQ bo turned 
so as to bring it into line with OP ? IState in tvords the j)rinciiAt which 
you are applying. , 


{Vertically Opjmite Angles.) 

15. When two straight lines, such as AB, CD cross one 
anotlier at O, the angles AOC, BOD are said ,^o be vertically 
opposite. The anglbs AOD, COB are also vertically opposile 
to one another. 



Draw straight lines AB, CD crossing ^t 0 at any angle. ^ * 



VERTICALLY OPPOilTl^ ANGLES. • . 
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Measure the angle AOC. Then observing that-AOB is a 
rof^Ai^rt^ie,Vrite clown (without measurement) the number 
degrees iif the ^ OOB. •, » 

Again, 'having measured tjie ^COA, ai^d observing*that 
D‘fi> is a straight angle, write down the number of d^groes in 
e lAOD. 

It .will be**f 4 c*en that the COB = the Z.AOD ; the reason 
iing that each.i^i these vertically ojiposite angles is the 
ppleyiihid of tin* l AOC. 

Similarly the _AO(S --th(‘ vertically opposite :.BOD. 

Note. The tMjifSlity of verticnllv oj)|)<)hif<‘ 
glea fnay be illuatratcd by exponnient. 

For insluncc : Iano nanrjw stri])s of card- 
)ard may be pivoted by n dniwintr-pin at 

Brin^^ the stripH into euiiienlence, tln'ii A 

)w]y them out. Observe that the 

me niovenieut ^hteh (‘{kmih the anjfle AOC, also opens the arij/h' BOD ; 
at is to say, the.«e are the n^sult of the '<amf nmounl of turnnuj, 

d Ire therefore equal to on^ another * 


Ex. 28. In the figure <if Art. 1.'5 ; 

(i) If fhc 1 BOD = 143", leeki.n each of the BOC, COA, AOD. 

(ii) If the 1. AOD — 29°, reckon each of the DOB. BOC, COA. 

(iii) If the lCOA - 133°, icekoi^ench of the i.;BOD, DOA, COB. 


V. DiRECiTION. TaKALLELS. 

1 . We have seen (p. 10, Art. 4) that any two straight lines 
awn from, or to, a point 0 liave (hffer(')it directions, and that 
e angle betw^n them indica(^fs the amount of tliis difference, 
‘other words, the direction of OB,* as compared with OA, is 
pd hij^the angk AOB. ^ScVtigure. below, j 
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So also, two straiglit lines (siieh as AB, CD in the figure 
below) wliK'h have different direetions, will mViet wljen pro- 
duced at some jnipt O, and form an angle,- which measures 
the difference of direction. 



A B O AC 


But two straight lines which have Idr ihr$ch()ni^ ivill never 
meet, howi'VCK far tln\v are produced. Instaiu'C's of straight 
lines which have lik(' directions are shown below. 



2. Straight lines which have like direetions are said to be 
parallel. Thus paralh'l straight lines never meet, however far 
they are produced. ^ , * 


3. 'riie test of like direction^ may be thus explained : 



' In the above tiguri', AB and CD trc two straight lines, and a 
thinl straiglit line PQ. is drawn to cut them at X and Y. 

Then the direction ot-AB, as tompared with PQ, is fixed by 
the angle QXB ; and the direction of CD, as compared wii^h 
PQ, is fixed by the angle QYD. ‘ 
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• • 

Now if the angle QXB=-tho angle QYD. the lines AB and 
ZD have like directions as eoinpared wi^h PQ, anj^will never 
neet, iTow^c'^’er f^irdhey are produced. Twilit >«, AB and CD 
ire parallel. ^ ^ 

• • 

'fhe line PQ, which is drawn across AB and CD. fs called a 

jansversal. 

The ang!('S*(5,XB, QYD, which fix the directions of AB, CD in 
■oinparisoji \\ith;PQ. are called corresponding angles. 

4. We now s<'e liAw we eat^draw parallel straight line.s with 
1 twangular ruler (known as a set stjuare) an<l a straight ruler. 



Place a set square in any position such as that shadi'd in 
the diagram, and agiiinst on'* of its side.'^lay a straight ruler 
(marked AB in tlie figureJT Ilolding the ruler firm, sluh^the 
set square along it. so that tlutside mark<^l PC moves into the 
position QD. Then QD fin^ PC are parallel. For the corrr- 
sporuhng angles BQD, BPC are merely dillerenl jKisitions of tlie 
same angle of the set square^ 

• • 

'•Ex. 1. By what anplc does tlfc rnin^te-hand of a (.hick change its 
direction m minutc.s ? « 

• t 

Ex. 2. The wind- shifts from West to North -VVcHt. What •ngle (in 
degrees)’ measwres its changc^jf dilution ? 

Ex. 3. From two points on the shore observers turn their glasst s on 
a boat at sea. Are they looking in the .same direction ? If not, make a 
sketch to represent the difference f»f the dii^ctions. Is-this difference of 
direction the same whether the^boat is near or far away ? 
illustrate by a sketch. 
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I 

Ex. 4. A ship steaming due East alters her course 25° towards North. 
Make a roit^h sketch to represent this, marking the aqgle which shows 
her change ot direction. • ' ^ , r 

(N.B. The chanf;e,t)f direction in this ease ^s given by the angle 
betw^n the new roursy and the line tvhich loould hai'e been folloived if the 
ship had ijone slrnighk on.) « 

Ex. 6. A man walks due South, then turns 4.3° towards West. Make 
a sketch to show Ins first direction, his second directiop» knd his change 
of direction. [Sw note to Ex. 4.] 

* • 

C 

jEx. 6. Draw' a straight line AB, and take two points P and Q, in it. 
With your protra< tor draw PC and QD each perpendicular to AB. Are 
PC and Q,C) parallel ? Why ?, » 

Ex. 7. Two rni'n walk along a straight road. At different j)oint«*in 
the road each cl^.ngcs direction 37° to hi.s left. Make a rough sketch to 
show each change of direction, and say why the new paths are parallel. 

Ex. 8. Thri'c ships in line ahead steam due West, then all change 
course 2.")° towards South. Show by a sketch each change of direction, 
and say why the new courses are parallel i 

Ex. 9. In ti straight line AB take any^wo points P and Q. and with 
your protractor draw two lines PC, QD, making the lBPC- 78°, and 
the angle BQD -34°. Through how many degrees must QD Iw turned 
nbout^Q to become parallel w'ith PC ? , . 

Ex. 10. Repeat the last Exercise, this time making the iLBPC -126°, 
and the Z.BQD -r>l°. (i) Through how many degrees must QD turn 
to become parallel with PC ? (n) ^'dirough ’how many degrees must 
PC t«-m to be parallel with QD ? * 

V' 

Ex. It. T walk due North, tuni ^5° East, and later turn 25“ towards 
North. Show both changes of directien 'oy a sketch, and prove that 
ray first and last courses are parallel. 

Ex. 12. Tw'o straight rods AP, BQ turn the same way and at the 
same rate about fixed pivots A and IJ. If at starting (ne rods were in* 
the same line w’ith AB, show that in all subsequent po.sitions they will 
be jMirullel. Consider the two eases (i) when the rods pointed the same 
way at starting ; (ii) when they pointed opposite ways. ‘ 
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{Corri’iKpondinijy Alternate, and Interior Angles.) 

• •• . , * ^ 

5. Draw with sot squares two parallH^ Ifties AB, CD, and 

rule any 'strni^hi lino EF ao^*osa thorn. . Then numbe» the 
an^es so formed as in the figure below. * 



(i) Point out four pairs of corresponding angles. 

The two angles in each j)air (for instance, 1 and 5) may be 
proyed equal. For Hie angles I and 5 fix the directions of 
AB and CD relatively to ; and since AB and cf) are parallel 
these directions are ahke. That is, the angle 1 = the angle 5. 

(ii) TIio A ngles 3 and 5 are said to be alternate. Poiift out 
another pair of alternate angles. 

If AB, CD are parallel, alternate angles (for instance, 3 and 5) 
may be proved ecfual. m * • 

For the angle 3-tl^' angle 1 ; •(Why ?) 
and the angle i =gthe angle 5 ; (Why ?) 
therefore the angle 3 = the angle 5. 

« 

», (iii) The angles 3 and 8 ar<j called interior angles. So also 
the angles 2 and 5 are interiof. , 

. Me^ute the angles .J and 8, and add together the results. 
If AB, CD are parallel, you should find that 

* 0 the angle ^ + tlie angle 8 --=^ 180®. 

This may be accounted for as follows : 

The angle 3 = % angle 7 ; (Why ?) 

/. the angle 3 +,the angle 8 = the^angle 7 -i- the angle 8 

=2 right angles.* (Why ?) • 
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Ex. 13. Draw two paralh'h AB, CD with your sot squares. With 
your protrScttor liraw a transversal EF, making an angfe of 57° with AB. 
Call tins angle 1, and 'number tliii rest as before Ntnv wfito down 
(without measur(MiK.*ii,D the number of degiees m'each of the angles 
2, X 5, b, 7, H. 

Ex, 14. Ilepeat Vho last Kxerei.V, draHiMg EF at an angle ( f 117° 
with AB. ‘Write down (without measuring) the remaining angles. 

Ex, 15. Again g<i through the last Kxereise, making E,^ eat CD at an 
angle of 75°. A.s before, write down (without ineasunfig) the remaining 
angles. 

Ex 16. Draw a line AB about .’U" long. 'Fake' a point P ahoiit 2" 
from AB. From A draw' a line through P, and ^neasure the angle PAB. 
Now, u.sing your protractor, draw a ,hne throiigli P parallel to AB. Do 
this in two ways: (i) by m.ikiiig rorrcHjHmdmq angles etpial ; (n) by 
making altaniatc angles equal ‘ 


Vr (Iv THK U.sK (IF Set Squaue.s. 

{Parallels and Perpendiculars.) 

Oltserve that in eaeli yet square one angle is a riijht nnqle. 
Tin* ri'inaining angh's in one .s(‘t squan^'aiT both ^15“^ ; in tin* 
other they tife 00° and dO". 

1. Throaph a giren point P (o draw with a'set square a line 
parallel to a given strau/ld line AB. 



Place cither set vsqiiare so that one of its sides lies along AB 
ifi the position shaded in the diagram. 

Against either of the other sides lay a straight-edge ; then 
slide the set cquare alopg it until the side originally placed 
along AB passes through the pointtP. Ailine ruled along this 
side is parallel to AB, State the reason. ^ 
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THE USE OF set; SQUARES. 

• • 

iSf Throiujh a given point P to draw with set squsyes a line 
perpendicular io a given straight line AB. , 



Take either set scjiuire and place om* of Hk* sides containing 
the right angle along AB. 

Apply the straight-edge to tin* longest side {i.e. the side 
opposite the right angh‘) of the set square : and slide the latter 
until the side originally perpendicular to AB pas.s(‘^s through P. 

Aline ruh'd along this »tdv will he perjiendu nlar to AB, for 
the alternate angW\s marked in tlu' diagram an' ecpial. 

Ex. I. T*akAt\\(i pouils A and B. t> i rn apart 'riiriaiudi A dra\*any 
straight line ; and tlirougli B draw a parallel line uitli \()ur K'I s(|uareH. * 

Ex. 2. Draw a lino AB^of len^rth T. W itii v<>tir [inttraetor draw AC 
making an angle of 741° with Ai8. '^sow through fe diaw a line panilel 

t^) AC. , 

Ex. 3. Reix'at Ev. 2, makiiig AB of leiiLdh !) em . and the .iBAC 
equal to 32°. Draw the parallel flirough B uitli \onr aet aijunres. 

Ex. 4. Draw a right ancle AOBiwith your protractur. making eaeh of 
the arniH OA, OB,7-5 cm. in length. , Through A draw a parallel to OB, 
fftn] through B draw a parallel toO/^. Do this with set aquaies. 

What Is the shape of the figure^you have just drawn ? 

• • • • 

Ex. 6. Draw a straight line AX. and mark off ahmg it AB. B0, CD, 
each r in lengtji. Through 4, B, it, and D draw lines perjiendicular 
tn AX. Why arif these linos pagillel ? • 

Ex. 6. Draw a line AB of length 7 cm. Through A draw' a per^ien- 
dicular to AB, and along it me.aaurfc'AC 7 eiru long. Through B draw a 
parallel to AC ; and thrqpgh C draw a parallel to AB. 

• is the shape of the figure you have thus <Jrawn ? * 

t 
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I 

Ex. 7. Draw a line AB, 8 cm. long. Draw AC perpendicular to AB, 
and make Kp - 0 cm. Join BC. Fnnn A draw AD peiy)endicular to BC. 

Ex. 8. Draw a lir^ AB. Through A draw, a lino (•Vith* your set 
sqviart's) making with AB (i) a right angle, (ii) an angle of 60'’, (lii) ati angle 
of (iv) an aiigloji)h4o‘’. ^ 

Ex. 9. •Following the principle of Art. 2, devise arrangements *of a 
set square and straight e<lgo by which a line may bo drawn through 
any })onit P making with a given line AB an angle (i) ()f 45'", (ii) of 60°, 
(ill) of 60 ’. ‘ 

Ex. 10. Draw a straight line AB, and take anv point P outside it. 
Draw PX perpendicular to AB (with set squares), Mea.sure PX. 

Now take any two points Y. Z in ^B on the same side of X. Join and 
measure PY, PZ. ' ^ 

Of the lines PX, PY, PZ, which is least ? Which is greate.«t ? Can 
you draw from C to AB a shorter line than the iH'r|H'ndicular PX ? ‘ ‘ 

3. The distance of a point P from a straight line AB is 
understood to be the kmjth of the per pend icular PX, this being 
the shortest line that<‘an be drawn from P to AB. 

.V point P is said to be equidistant ftom two straight lines 
AB, CD when the perpendiculars dr'^wu from P to the two linos 
arc' equal. c 


Plane Fiuures. Definitions. 

1. Any portion of a plane surface bounded by one or more 

liiV's is called a plaae figure. » ^ , 

The sum of the baunding lines is called the perimeter of the figure. 

Tiic amount of surface enclosed by the perimeter is called the area. 

2. Rectilineal figures are those whieb are bounded by 
straight line.s. 

3. \ triangle is a plane figtiie bounded by three 

straight lines. ^ , 

Thur it hiw throe three angles, anh three angular 
points or If lUce.i. ^ t 

If a triangle has all its sides equ*l it is said to' be equilateral ; 
if it has hvo sides equal, it is called isosceles ; 
if no two of its ^des are«equal, it is called scalene. 

In an isoscojos triangle the vertex is dually iinderatood to be the pofnt 
^t which the equal aida^ meet, then the opposite side is called the ftfse. ^ 
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* « . 

4. A quadrilateral is a plane figure 
hy four itr^ght lines. 


• • 

5. A polygon is a plane figure bounded by 
more than foyr straight lines. 


6. A* rectilineal figiire is said to be 

equilateral, wlien all its aides y,re equal ; 
equiangular^ wIkui all its angl(‘a art^ equal ; 

* re^ar, ‘ when it is both (‘quilateral antf equiangular. 
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VII. Construction and Comparison of Trtan(;lks. 

• ^ 

1. . The three sides and ijiree angles of a triangle are callefi 
its six parts. A triangle* may also b<* 
considered with regard to its area. 

In the tjriaiigle ABC the lett(‘rs A, B, C 
are used not only to name the \ertice.s, 
but to represent the size of the angles as 
measured in degrees; Mvhih* h, c are 
taken to repre.senl the h^igths of the 
opposite sides. • 

rm, • *v. « tA - 5S^• ,B -44% C - 78- 

\ f/-2-6 cm.. 6 - 2-1 cm., c, - ,P0 cm. 

The symbol A is used as an abbr^'iation for the word triangU. 



. . • {Anghs of a Triangle.) ^ 

•2, Lei the •pupil now dlaw ilhree or four triangles varying 
in size and shajic, and in c«,ch triangle let him measure the* 
three angles and find their sum. Allowance being made for 
small errors in mea.surement, ^be results should ^suggest that 
in pach of the cases e.^mined 

> A + B+C^ISO'’. 
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It wilklx* proved later (Theorem 7, p. 54] that this is true 
of (‘V('ry tViaiiglo ; fiamely that the svm of the tlnee ^angles is 
equal to two righVangles. Kor t!i<* present the truth of this 
wilkbe ussumed. • ^ 

Notii). The followmj' veiiliciilion by experiment is worth notice. 

Dniw a j'ood-sized trianjfle of tiny Mhape 
you like, (hit it out and (eai oh the eorncrs. 

Kit thesis together at a jiomt 0 ; and (d).serve 
liio two outer ed«os. It will b(‘ seen that 
these he m a stiMielit line In oIIhm- wonts, 
the thi'is* aimif's of the tnanp;le ^tot^ef her 
make up a Mraujlit aiujlc, that i.s, two light 
aiigle.s. ^ 



3. A triangle is said to Ix' right-angled when one of its angles 
is a right angle. 

I 

In a right-angled triangle tlie side^opposite to the, fight 
angle is called the hypotenuse « 

A triangh' is said to be obtuse-angled when otic of its angles 
is obtuse. ‘ 

A triangle is acute-angled when all three of its angles are 
acpte. » « ^ , 

‘ < 

{Most of the following questions ^mij he answered orally.) 

Ex. 1. Draw a right-angled triangle; an obtuse-angled triangle; an 
acute-angled tnangle. ♦ 

Can a triangle have nioi’c than ot^ right angle ? * . « 

How many acute angles nutst every obtuse-angled triangle have ? 

Why would It not be enough to say/‘^ A, triangle is acute-angled when 
one o^its angles is acute ” ? 

« 4 

, Ex. 2. In a A ABC, ^ 

(i) If A - TO'’, B “otC, how many degrees are there in C ? 

(ii) . If B 28°. C - 1 12^ find A. 

(iii) If 0 -120°, A - 33°. find B. c 

(iv) If B 07°, A - 56°. find C. 
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• • 

* ♦ * ’ • 

Ex 3. In a triangle ABC rtght-angled at B, ^ 

^ (i) If*A=47”, find C. • $ 

(n) H C*- r|* of one right angle, whfft fraction of a rinht 
angle la A ? • • 

’• • (lii) If A C + 10", tind A and C. * • 

Ex. 4. In a 4iiijjnLde ABC, 

(i) If A i of a stnught angle. B J? of a ■•straight angle, tind 

the numlM'r of <k'LMe<'s in C. 

(ii) If B j‘'-,*of a nL’hl angle, C ot a right aiiLde, a hat 

^ fraction of one nflit anth* is A 

. (in) If C* H of a light angle'. A J of a light angle, \\hal 
fiaction of a right angle is B ? ^ 

Ex. 6. If the three angle's of a tiiangle- are eejual, uhut fraetie>n eif a 
right angle is eath one ? 

Ex. 6. If eine lUigle e.f ft triangle' 1 10 , anel the e.thei twee aie ee[uul 

to oneftinother, heiAs inatu degre'ft.'^ aie theie in eae h eme ' t • 

' 0 

Ex. 7. Jn a tnan|lo ABC, A 4t", and B 3C ; find B and C. 

Ex. 8. The angles e.f a tiianglc ce.ntain lespee tivelv r, 2/, 3 r degrees ; 
find each one. 

Ex. 9. Is it possibly* thift a ti^ngte sln.ulel havefthe* fe.llouing angl0|^ ? 
(1) 8:>°, 78M7"; (11) 102 . 43% 30-; ^iii) 47 ,83,40% 

Ex. 10. In a % ABC, * * 

(i) If A . B C, find the angle C. 

(li) If B H C - no , B* C -20% liiiel A, B, and C. 

* 0 
* 0 

{Confitructwn avd Coi\qruen('e of Trmngles.) • 

‘*4. Before cfinstructing ^ triangle or other figure from* 
given sides and angles, it is very useful to draw a rough free- 
hand sketch, in order to make ^ure that the question is unch'r- 
stood, and to show what is ^ven and tvhat is required. The 
datq^ or things given, sfiould be written on the skeUh. 
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5. Construction I. To draw a triangle having given two 
sides and {/le included angle. * ^ 

. (For instance! ^*=1*8", c- 2*7", A = 65*^) • * 



Construction. Draw a line AX ; and from A draw AY 
making an angle of 65° with AX (using ^i)rotra»tor). 

From AX»j,ut oil AB equal to 2‘7i' (the length of c). r 

From AY out off AC equal to D8"*(the h'ligth of 6). 

Join BC. 

*- < * 

Then ABC is evidently the required triangle. 

Ex. 11. Draw a tnanylo ABC, having give,n 

* (i) AB - h 2 (‘in , AC 7 H* cm., and the included angle 

BAC-llS*^. , 

(u) AC -4 r, AB ami the lA-40'’. 

(iii) BC -9 n cm., BA -II S cm., and the i.B-35°. 

(iv) o =!M cm., b -14 0 ftn., and the _C-18°. 

«. • 

Ex. 12. Draw two trianglijs AB(?, PQR, having given 

AB-PQ -2 tr, AC -PR ^4V, .lA - Z.P=.46°. ^ 

Cai-^rully compare the resulting^tnangles a.s regards shape and size. 
Measure BC and QR. * ^ • 

Ex. 13. Draw two triangles ABC, XYZ, having given 

AC-XZ-3’7",, CB-ZY-2‘5", lC-lZ-C7“. 

Compare thj resulting triangles. Mbasure the angles A and X, ahso 
vho angles B and Y. . » 



CONkSTKUCTION AND CONGRUENCE OF TRIANGLES. * 3] 

• ♦ 

6. Observe carefully in the foregoing Exercises that if we 
are given the k'ngths of two sides and tly^ size of tju* tudvded 
an^fle, tfic i^eSultiDg triangle is compJetehffj^'d pi siu' and shape ; 
so that all triangles drawn from tliese gifen parts (however 
diffgr^uitly placed) must be exiA tly alike, ‘ * 



We conclude that in two triangles ABC, XYZ, if AB = XY. 
AC = XZ, and the incjuded z.A-the included iX, then tlie 
triaigles are alike in all ’ii'spect.s ; and cither d th(*in (or a 
copy of it made on tracing paper) may be so placed njion the 
other as exactly*to fit over it. So that the remaining ]»artR 
of the t\w Vianglc.s must be equal, each to each. • 

The process of fitting one figure over another for the purpose 
of com|)arison is called superposition^ and the first figure is 
said to be applied ^o tlie o/jiei* • , 

In two such triangles corre|pondirig sides arc opposite to 
equal angles^ and corresponding angles aie opposite to equal 
sides. * 


^ 7. Triangles which, being .alike in all respects, may be 
mtide to coincide by sup<"r posit ion ajre said to be congruent. 

• .Thui in congruent trian^fles each part of the first is equal 
to the cprrespondiilg part Jnain^ly that with which it coiAeides) 
of the other ^nd the triangles are equal in area. ^ 
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8. ('oNSTiuJOTioN II. To (haw a trum{)le hming given one 
side and Vi^ two angles at its ends. ' 

(For iiiHtann* > ^--3-2", B-72°, C-37^.) • 



Constructiofii. Draw BC oqtial to 3-2". 

At B inak(' an angle of 72^ with BC (using ])rotractor). 

At C make an angle of 37’ with CB, on the same side as 
before. u 

Produee tKe lint's to me<‘t at A. • 

« 

Tlien ABC i.s the required triangle. 


Whoa liro me mnoii}! the data it niii.st be remembered 

ihiit the third nn^lo la known befoie the tnanf?le is censtnieted. A 
loiiifh trei'-Jiaud sketch should he made ami the threi' angles wntten 
into it before drawing the triangle with rule and protractor. 


Ex. 14. Draw a tr'ungle ABC fiom the folh wmg data, and in each 
ease wiite down the Ihml angle • 


(0 

a cm.. 

.-B lor, 

LC 44°. 

(’>) 

-C H4k 

^A 

b 5-5 cm. 

(Ml) 

^B- :uk\ 

c 30*! 

1A-104°. 

(iv) 

a 

-A -47-^’, 

_B 43°. 

(V) 

_B - 70°, 

6 - n o (v.n.. 

lC-37“. 

x> 

Ex. 15. 

Try to draw triangles in which 



(i) a -5 

•8 cm., B -110". 

O 

,1 

o 


(u) fl •- 5 

'8 cm., B 

C^135°. 

What difficulty ari.sea ? 
not meet on your paper ; 
your anawer. 

I'erhaps you find that the other sides would 
would they'erer ml'et ? Give a reason for 
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• 4 *. * • 

Ex. 16. Construct two triangles ABC. PQR from the f(»llo^infr data, 
first WTitigg dowif the third aiigl«« in each fiiangW' : # 

. BC*^R lB 20 ’; ^0,^*R I2K'>. 

Conijiare the triangle.s as legaids size and shafu' Measure A0*and 
PQ ,*,alsu AC and PR. • • 

' • 

Ex. 17. Construct two tnangles ABC. XYZ. having given 
AC 4-.r; lB _Y 7M": _C Z 01) '. 

Observe that it is fiy,t noce.s.sarv to fiiul the angles A and X. 

Compare the trianl'le.s, and measure AB and XY. also BC and YZ. 

9. From the tiliove Fxernsiip it \y!l he sei'O : 

(i)* Tlitit a tuianglo canimt alwavs he drawn having two 
an^i's of givi'ii size. The .sum of the two givei^ angh's must 
in fact he le.ss than 18(F. 

• (li) That when tlie length of one .sulc and the firo tuif/lcs at 
its etuis an' givim, then (i)ro\ided tliat .sik }i a triangle can la- 
drawn at nil) its^s-/:c aud s}i<i]>r inll he (‘(niijdrtcJi/ fixed ; and all 
triangles drawm from ti!es(‘ data must he exactly a[ike. 



Hence wu* conclude that in two (rianfjles ABC, XYZ, if BC - YZ, 
‘and the LB~the .lY, and the L^-lhe lZ, the tw<t inan(/les are 

c^gruent. • 

Note, Observe that the given side in fine triangle must correfiitond 
to the gh'en side m the other ; *tAat is, these .‘<ides muKt he opposite to 
equal angles, in order that the triangles may he congruent. ^ . 

* * 

•10. We haV already .seen (Axiom (lii), p. 3) that the* 
straight line jcntling two points is the shortest distance tjetween 
them. This may be illustrated in an?/ triangle ABQ ; for clearly 
BA + AC is greater than BC ; ABdBC /greater than AC ; and 
BC^CA greater than BA. In other words, any twj sides of 
driarftjk must tie together greater ti^ein the thiret side. 

H Sh.Q. 
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11. ®ONSTRUCTIO^^ IJI. To draw a triangle, having given 

the three Sides. ' ^ . 

(f'or iriMtanco : *a = 8 cm., 6-7 crn., c = C cm.) 



Construction. Draw a straight line BC of length 8 cm. 

With centre B, an<l a radius of 6 cm, {the length of c), draw 
a circle. »• 

With centre C, and a radius of 7 cm. (the length of b), draw 
a .second circle cutting the first at A. ^ 

(Arcs of these cirele.s, showing the cutting point, 'are enough 
in practice.) 

Join AB and AC. 

* Then ABC is the trLiiglo required. 

Notk, -Observe that the problem is the Hanie aa that of finding a 
point A distant 0 em. from B, and 7 c(.i. from C. Can more than one 
such point bo fouml ? 

Ex. 18. Draw firo triangles, one on each side of BC, having the 
dimensions given above. ‘ ' 

Cut out the double figure so fonnej,* and fold it about BC. What do 
you find ? Are the two triangles of the same size and shape ? 


Ex. 19. 


Construct triangles whoso aides have thet billowing lengths ; 


(i) 6-3-0', 

(li) a -2-5', 

^ (iii) 6 = 5-4 cm., c*-7-6 env, 

(iv) 0=4-3 cm., 6=8-2 cm., 


c-3-0'. 

6 = 3-0'. 
a ~ 5-4 cm. 
c=5-4 ora. 
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*. * • 

Ex. 20. Is It possible to oonstnict triangles having the following sides ? 
If tn any case itgs impossible, carry the coast ru^it ion iw far^ it will go, 
and say Wh\»^ fails. ^ ^ ^ 

(i) a= .‘to", *c-10*. 

(n) ( 1 :itr. % -2-(r. f -i-tr. 

(lii) r =11-8 cm., « "7-8 cm, /i“6*()cm. 

a t-.^» cm , -7-0 cm , r -2-r) cm. 

Ex. 21.* Draw t\t(* tnang!<‘^ ABC. XYZ from the following data : 

‘AB XY oo;, BC YZ ttr, CA -ZX 

Compare the two triangle*^, and itkeasnre the armies B and Y : also the 
anglr^s C and Z. I^educr* (w'lthout measurement) tin* angles at A and X. 

Ex. 22. Draw tw-o triangles ABC. YZX from the fntlowing data ; 

AB -YZ^^120 cm.. BC ZX HOem., CA^XY 5()em. 

Can a tracing of tin* triangle YZX be fitted exactly over the triangle 
ABC ? 

• • . • 

12. From tlu‘ above Kiercises it njrjxmr.s : 

(i) That a trfengle can In* drawn to have si(l(*s of three 
given lengthy only if any two of the giv(*n lengths are tog-ither 
great(‘r than the third. 

(ii) That, given the lengths of sides, the icsnlting 

triangle is completdy Jived in vzc and sha^^c (provided that a 
triangle with such side.s can*l>e drawn at all) ; and all triaii^es 
drawn with sides of thosr*, length* must be (*.^actly alike. 



Hence we conclude that two triamjles ABC, XYZ, whu'h hatxi 
the THREE SIDES of one equal to the tjiree of the other 

(e%ch to each), must b% conyrsient : and the corresjxmdiny angles 
^ niud he equal. 
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13. Ulstly, would tlio siz<‘ and shape of a triangle ABC 

b(! fixed, i&i we vven'fgiven the three 
anffles ^ • 

t , 

First vvd notice fcfmt the sum (lie 
thi'cr' aiiLfUs (cxpri'ssisl m di'^^oces) must 
lie 1H0‘, olhciwise no t tumble could be 
di'iiwn lioin them. 

l.('t us take A Tm", B -HU', C tri'’. 

Draw a line BC of n»r/ len;^th as base 
Make the ani'k' B erjual to HO', and the 
ancli' C e(|ual to lo ' ; tlum irfuifcver 
we take for the base BQ, the u bird 
anj^k' A must he Ao ' 

Thus anv uundier of triangles of different sizes can be drawn 
having giviui the three angles Tlie figure will suggt'st that all 
tlu'se triangh'S hav(‘ tlu* same shape : in faet tin' thrt'e angles 
lix tin; shape but not the .s7::e of a triangle. 

e 

14. We inav now sum up the eo'm lusions so far diawn from 
the eonstruetion and eoinpaiison of tnanglef^. 

A*" triangle is eompletely fixed in size and sha])(**if 'tin' follow- 
ing })arts are given : 

('oNSTKiUTioN I, Tiro Side'! and tl>e inebided an<jle. 

(ktNSTUi't’TioN II. One side and the tivo nn<iles at its ends. 

t\)NSTitUCTIt>\ HI. The thiee Sides. 

Hence we eoneliub* that tiro tnanfiJes are confiruent, if we 
know that the three parts named in I, or 11, nr III are severally 
equal in the t\\o triangh's. Tpit two triangles are not necjiYi- 
sarily congruent when an;/ three parts of one are respectively 
mpial to the erirresponding parts bV tl^e other. ^ 

If^ninal pi oofs of the ahive f**atements v'ill he -given in 
'Theorems 9, 10. 13 {see pp. 00, 6J, 07). and Fxercists on the 
application of congruent tiiangh’s will there be found.] 


A 
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(Further Ejicrc^cs on the ConMruetuin and Comji uence of l^\nnij\e.'< ) 

• • • • 

Ex. 23. Dl’uvv t,nafl(Tl('s (wlu'iv fnan Wir fnlInvMiiLr (iatii 

When th(‘ construction fails, su\ \\h\. Alention n1i\ case in w liicli^nioie 
than one tnaiif'lc may he (Iran n. • 


(>) 

a 

S cm , 

' h 

<) cm , 

r 

1 1 <^11. 

Cb 


(i cm . 

a 

8 cm , 

-C 

lOo'. 

(Hi) 

a 

8 uii , 

-B 

.‘kC . 

.-C 

127 

.(IV) 


• 1 1 cm , 

-B 

:iu'. • 

-A 

l.V’ 

(V) 

, 

1 1 cm . 

h 

<1 cm , 

a 

0 cm 

(VI) 

-C 

21 . 

• 

_A 

lol . 


or,’. 

•(vil) 

-A 

!»:i , 


t() . 

_B 

m 

21 

(vm) 

^B 

to \ 

.iC 

100 , 


0 .■> cm 

(IX) 

>.A 

'Hj , 

_C 

ol'. 

a 

lo 0 cm. 

(^) 

(( 

- 8 1 ni , 

1, 

cm . 

_C 

iTtl”. 


E)^24. T)ra\s a strni;;lit fine PQ, of any 
length, and take a point O in R. Ftoin O <liaw 
any two lines on tli^' same side of PQ, and (all 
tin' angles formed A. B, and C. 



With your protractor measiin' tin' atiLdc.s at B and C : and on a hase 
of 3 4' construct <\ triaufje li.u inir^thc auLdcs at^e.ich end of tlic base 
equal to B and C. H»iw do yort^luiow that the thud .iniih' of tins tiiaAjj:l( 
must be eipial to A ? 


, • 9 

15. It should bo notic'd that 
"riiont triauglos cointitlo. it niay 
ho nocossary ^to reverse oiio ^of 
ftiom, that is, to turn it over botoro 
siipor]»osition. This is illtiKlratod 
‘in' thP adjoining . figute, uhioh 
.shows two Jrianglos ABC, C€F 
aliko in sizo tnd shape, Jmt so 
r(*latcd that Iho triangle DEF 
mu.st be reversed before it can be 
made to fit over the triangk^ABC. 


in Older to make two (on- 
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•* {Congriipyice.) , 

Ex. 26. Draw, a ^'ooil-sized tnanjilo ABC '>i any shait^ ; ihen utato 
three (lifTerent nu-fhaJs hy whnh (after necosaarv rneaMiretncutH) an 
exact cotjv of it niH\ be rnaile. 

‘ • V, f 

Make ae'n[)y of the f'iven liian^'le'ABC m each of these ways; and 
test by Hoein;' if a tiaaiif' of the tiian^K' ABC <an be exactly titled over 
each copy. , « 


Ex. 20. Dnns a triin<ele ABC. Iiavinu LMxeiia* ft () cm ,b ‘ 10 0 cm., 
(• -12'.'') cm. Measiiie the ^A, and inaki' a copy of tb»' ^‘ABC by 
Coast rm tioii I. Measiiie tlie _B, ami makcaseiond copy of th(' ^ABC 
by Const I net ion 11. .> ‘ 

« 

Ex. 27. Dipv a tiiantrle ABC. ba\mo yiven _A o7 , h ICO", 
r - 2'.')". Meii.siiie u, and make a copy of tin , ABC by Construction III. 
Mea.smr' Z_Bi and make a sccotnl (opy of the ABC by Construc- 
tion II. 


Ex. 28. From wb'ch of the < onditions belo\'| may uc conclude 
that tlie ABC. HST art* con^nit'iit 'i lllusfiate each cii.se by a figure 
(a free hand slo'tch Mill be sutln lent) in 'a hub the jiarls given eqifal arc 
ahovvn by dislmgnishing marks: 


AB 

RS. 


( AB RT, 

f ^B - RS. 
(Ill) -A - „R, 

AC 

RT. 

(.1) ' 

AC RS. 

-A 

^R 

1 

' -A -.R 

' -B ^S. 

AC 

RT. . 


t PC ST.» 

/ AB RS, 

-A 

_R. 

(V) j 

-B *>T, 

‘(vi) { ^A _R. 

.-C 

. T,* 

1 

It-C _S. 

1 -C -T 

AB 

ST. 


f BC *RS, 

/ -B ^S. 

BC 

TR. 

(vill) j 

CA ST. 

(ix) i AB -RS, 

CA 

RS. 


! A3 TR. 

’ BC ST. 

..B 

~s, 

. 1 

I Ja _R, 

( BC -RT; 

_A 


(X‘) 1 


(xii) j wA -lR, 

AC 

-RT. 

1 

i AB ST. 



* The Jii'c iiimpJe Constructions, *:r Problems, Si'hich are gii)en 
hetiveen pages 96 and 102, should now he worked out. No 
proofs should l>e required at thi^ stage, but the results shmild 
be verified ex^wrimentally. These ccnstruclions are to j)e 
done u'ith ruler /ind compasses only. 
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VIII. Exercises on Dr\\vi\(j to Scale and Measvrkment. 

• •. Heiouts and DlstanI’es. * 

1 . A map or plan is a .small Imt exai’t flat ro])y ot tlie 
coimtrv or ground it ivprosmit^. Thrr<'fon'*l)y measuring on 
a map tlu‘ distanc'e between two dots wliieli mark eertain towns, 
we may reel^qn the real distance betwcMui the towns them- 
selves, provided w(‘ know the scale on which the inaj) is 
drawn. 'For in.stiihee, if I inch measured »»n the map stands 
for 10 Iniles, then 2" .stands for 20 miles ; 'I’P)" for 45 miles ; 
and so on. Such a maj) is sjyd to be drawn on the scale of 
10 i/liles to 1 nicl^. 


[/n the foihu'iug Krerrtsfjt pUtm are l,> he drawn on squared jHiper ruled 
to tenths of an Off /i, and the n suits are to he got hy tneassurernent and 
, ree/eonniq,] 


Ex. 1. I walk ,4 miles due North, (lien 3 nuleH due Kawt. Draw a 
plan tn show my jouniey, tnakini» I m hlami for 1 mile ; (hen by meaRuro- 
ment*lind how far 1 am from lAv startme iioint • 

• • 

Ex. 2. Draw til* ground-plan of a loom. .50 feet long by 20 h'et w ide, 
making 1" rejiresent 10 feet Kind as nearly as y)u ran the actual 
distance botwt%‘n two opjxisite eornerH. • 

Ex. 3. An upright yiole, atanding 2.) feiU high, is Hta\ed by a rone 
carried from the top to a point on the ground 15 feet from the foot of the 
pole. Rcpre.sent thi'i by a drcivin* (Hoah* 10 fee* to 1 iiuh) ; ami find 
the length of the rojx*. ^ 

Ex. 4. A ladder readies a window-sill 15 f(H*( high, and the foot of 
the ladder rests on the groumrS 5i*et from the fr(»nt of the houae. Draw 
a plan (aenle 5 feet to 1 iru h), and use it («> find the hngth of the ladder. 

Ex. 5. Ixioking Eastward fr^ni my house, 1 see a ehiireh tower 
%hich I. know' ^ be 2 milea di.st|ht. I/>oking Ntjrth J see a second 
tower li miles away. Draw a plan (scale»l mile to 1 im h), and find how 
far the towers are apart. • • 

' • • • 

Ex. 6. A ship on' leaving^ harbour sails 22 miles South, thiJh again 
g2 miles West.* Represent her rourse on the scale of 10 miles to 1 inch, 
and find her dis^nce from thejiarbour. * 


Ex. 7. In rowing across a river 48 metres wide, a man was carried 
16 metres dowm stream. Represent this 05 a plan (s<^le 20 metres to 
I jneh) ; hence find the i;Jist«ncei)etween the starting-ptnnt and landing* 




2. 'rh(' lin« of (liroctioii winch hisccts llic unjzh' ])ct.\vccn 

North Jind l^hist, is called . and the t('iins North- 

West, S(iii(h-Kust, South-West., have <‘orn‘Sj>ondine ineaniiipjs. 

It, looking from a Itf'lit-housc, a shi|i is seen in the diieetion 
North-West, we say that it 6ea/.s N.W.Jroni fin* h^dit-hoinsc, 
or that its k'dniKj is N.W. If tht direction of the shif., as 
Siam from the liuhtdioiise, makes wdh tin* line ])ointin" North 
an uneh* of ‘iO’ on the Hast side of that line* we say that the 
shi]»<!)eais ‘Jtf l^aist ot North, or N K. « • 

Ex. 8. A inan S kilonietie'^ <lue Ka.-^t. then T) kileinetirs due 

Noith Diiiw a [il.ia (Male I km t<> I tm ). ami liml l)\ meas\irenicnt 
linw^tai he IS fn»m lus < taitini^-|)om(^' ^ ' 

Ex. 0. Noi t)i-\\ es< tiorn nt\ tjaiden ijate is euttn^e. IhX) yards 
distant : North- Kasi of thi' cettaL'c and 2.X( yuids fioin it is u welt. 
Draw a plan /seale lot) \anis to I imV), Vnd had txa nearl\ as Non can 
how far the well i.s from the ^'aiden ^mte 

Ex. 10. 'Pwt^ (•\ili.st.s. each ndinir^'l t km. an hour, leave a house at 
thi' same tune. One jjoes bv a .stiaiijit n>ad leaihng S I.. ; the other h\i 
a road leadinjL; S.W, Ilow' fai i^jiait will tlu\\ bo m half an hour ? (Sc&le 
I km. to I em.) f *■ 

I « 

Ex. tl. A man goes South 4 mjles, then \Ve.st b mile.s, then South 
again 4 miles. How far is he now froih his .starting-poml ? (Seale 
1? miles to I inch ) , ' 

Ex. 12. A ship on leaving port sails N.W. for IH nule.s, then North 
for l."> inile.s. SKow her coiy:se on the sealo of 10 miles to 1 inch. Find 
her approximate distance, and her beivinc frojji the port, that is, how 
ipanv degrees U'est of North. ^ ■ 
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e). t3. A boy walks 2(K) yards m a ccrtam ditoclKm , thm, (iinunji 
68"^ to his left, lie^walks IKK) yards ; jniall\ lu* turns tlS' to his* ritjht. and 
walks 25# yaxijs. Show his tiaek on a plan (H»A yards to f ineh) . and 
explain \\h\ his third ifiieetion is jiarallel to histi^st^ How fai is he at 
last from his start intr-point , , 

• » t 

Ex.T4. Atra\ellcr w islu's to ;((«i due Ntuth. but liiuls his j\a\ bailed 
by a swamp. He theiefoie walks 5 kilonieties \.M , Hieii 5 kilometies 
North, thcil 5 jxjlomdies N \V . and now he tinds himself due N’oitli 
of his titaitm^'-poilit How m.in\ kilometies has be lost b\ lia\ imj yoiie 
out of his^way ? (S<'' 4 le 1 km. t'> I eni ) 

* ' * * 

Ex. l6. A hlmn' batteiN, whoM* irnns ha\e an efirc tive lan^'e of 7lK»0 
yaids (sa\ t rnilesb lot's on an e^iem\'H ship bearniL; N \\ fiom the 
battejN and distant 2l miles On thH tlie ship steams N H. 2 miles, 
till'll diops anehoi.^hinkini! ht'i'st'lf ((lit ol lanjiu. Is. she? (Stale I mile 
to ^ ineh ) ^ 


3. 'File (liierf ion wliirli we call vertical (oi Iiiiu<ih() 
is t)iat taken 1)\ n tlih'ml from one emi of winch a 
wcijilit hanjfs fieeU at test, Anv .strait-’lit line at 
right angh's to il vertii^al line is .siid to he horizontal 
(or Imrl). * • 


Ex. 16. Htiw rn*an\ \ti1i<ai lines tan pass thiouph 
How many Jioy/.oiifal lines ? 


L'lveii point 


4. Tn tin* diagram L'iven helow P repiest nth some object 
whose height or di.staixe is to jie found, ai^d 0 the po.sition of 
the oh.servt'r's eve' so thaf OP is the hiir of .sn/Af. that is. Ihe 
direction in which the object is«een Let <5A be the hoiKoatnl 
line pas.sing from th<‘ obscfv^T'.s eye directly vn<fn or over the 
object P. 



Then the lAOP is called the angle of elevation, when the 
object is ahoiY the horizontaljline ; un<l*the angle of depression 
wn^n the obji'ct is below' the horizontal line. • 



42 ^ OBOMpRY. 

Ex. 17.. A tower iH observeil from a jM)int on the ground 500 feet 
distant fr<)m its foot, and the angle of elevation of tin top is found to 
be ir»“. Wliat is tjie height of the tower ? (Sejlo l(M) Uf I inch.) 

E)f. 18. A vprti(j^l*pole, 21 feet l^iLdi. is found to ca.st a shadow !h) feet 
long. many (logrocH i.s the sun i^bo\c the horizon ? (Scale ‘10 feet 

to 1 incli.) 

Ex. 19. A balloon, held I'aptive by a lope 2(K) metres hmg, has drifted 
in the wind tdl its angle of elevation, as observeil frwiji the place, of ascent, 
is of’. How high 13 till' balloon ab.»\e the giound ? (Scale 20 metres 
to I ctn.) 

• • 

Ex. 20. From a M^sHtd’s fori'-top. so feet abov# the .sea, a buoy is 
obsetNcd, and till* angle of depiession found to be It'’ How far w the 
1)110) from the ^hlp ? (Scale iou feet to 1 inch ) 

Ex. 21. triangular lield is eiu loscd liy two hedges and a ditch. 
The hedge.s are each loO yaids long, and the\ make an angle of'G4'^. 
Draw a plan (scale ."id yanls to 1 nub), and find the length of the ditch. 

» 

Ex. 22. I'^rom l)o\er the l>eaiing Calais is K !U ^ S. ; tfiat of 
Boulogne IS K. G.T S : and the disfance.s ot the twu French ports from 
Dover are respectively 2.‘1 milcN and :H miles. How far is Boulogne 
fronwl’alais Y (Scale Id miles to I inch ) « » 

Ex. 23. Then’ are three towns A. B. and C. Of these, B is Fast of 
A, and distant Ito miles ; while C i^s North i^f A, and distant 84 miles. 
A iliaight tailway cohneets B and C. ♦How far ss A from the nearest 
point on this railway ’ (Scale Id miles to 1 cm,) 

Ex. 24. Fmm a certain point on «'h(^ ground I observe the top of a 
.spire, and find the angle of elevation to be 33". I advance 80 feet towards 
the .spue, and then find the angle of elevation to be 47". How high is 
the spile ? (Seale 40 ft. to 1 ineli ^ *' ^ 

Ex. 26. A man, standing IT i feet avjay from the base of a monument, 
fiml.s that the angle of elevation of the siimn(it is 4.')'^ ; and in marf’ing the 
oKserwition his eye is 5 ban. above the level of the ground. Find the 
height of the monument. (Seale d b'ct to 1 inch.) 



THEORETICAL C EOM ET 1{ Y. 


’ PROi'OsrrioNs. 

GeomeiIiY is \isiially divided into a iiuinbcr of so))amt<‘ dis- 
cussions, called propositions. ^Propositions of two kinds, 

Thecrems and Problems. 

« 

A Theorem pio\rs the truth of some u<'oni('trirfa] statement. 

• A Problem ])erfonns some peometneal corKstrudion. such as 
to draw sonu' jiarticular line, or to constrikt sonm re(|uir(‘d 
figure. 

. Thfc' preliminary stat<'im'vf deM rihing the ])urp(j.s(‘ of a )»ro- 
jiosition IS tailed the Enunciation. 

« 

The enunciation of a tlie<»!eiti consi'«t.s of lw(» ( lausrjH 'I'lie first clause 
tells us whaf u# me to anfl is calleil th<* hypothesis , the scComl 

tells us \shat it cv raimrcd !'> prove, niul is called the conclusion. 

A Corollary is a statciucrit tlie truth of winch follows rc'aclily fioin an 
established proposition, an*l usually jft*c|uires no fujthc'r poaif. 

The letters q k.d. are appcnclcw] to a thcoieni, and stand fui Quod erat 
Demonstrandum, which was to he proved * 

Notk. The following synd’R:)!}# and ahhieviation»c aie usod m the 
text of this hocjk. 



for therefore, 

» l>' rp 

for pcTfs nclii ular, 

*7= 

,, is, oi*iire, c?cpial to, 

.•l)ar' 

,, paralh'l, 

c 

,, angle, 

p.ir"-. 

,, parallelogram, 

rt 

right angle, ^ * 

st. line 

• ,, Ktiaighl line, 

A 

,, triangle, 

o 

„ circle, 

sq. 

,, SCjUftlT, 

•q- 

,, circumferenee ; 


and all obvious contnietions of*woid« commonly uschI, such as cjjij)., 
adj., cliag., eto., /or opposite, adjacent, diagonal, etc. 

[For convenience of oral work, and to pi^vent the ratlier common 
abase of contractions byJ^beginnm, the a^ive code of ^jgns has been 
intrtiduced gradually, and at first somewhat sparingly.] 

4!i 
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(ifeOMETUY. 


# 

SK( T10N I. TIIKOUKMS 

Sotnr of fill' fiiHinrnni Thcon'ins nn' nmrkvd juifh an a.^ferisk. 
Thr truth of tlir';i‘ has alrcaihf Ik'ch rcuffnf^ ()ii oJ)'<rrratio}i and 
rffii'ninnit in tin' I ntrodarfioii, nii'h'i thr fidloinni/ hra'ds, viz. : 

IV. (hi Aniilrs, V.(hi Paiallvl^, 17/. Ontliv Constna tion and 
('oniiraviirv. of Tnam/Iv^ , Wli^'hci formal firoofs if all fltv.sr 
Thvorvnis .should non' l>v ii'ijniiol, oi nhrthn khr ii'snlfs ohfainrd 
v I'lH'i iiiii'iitnllifi^niaii hr ani'fifi’d as a ha.sis jor faithrr Tlirorihns, 
iriian I iiif fall formal fnooj. mast Ih’ Irft to thr (hsnrtion of the 
trarhvi In an if rasv it is rs.si'iitial that thr juipd should Iw well 
ifionndrd in thr siihjirt niattri of thr ! ntrodiirtion, as ahovr indi- 
cated, and lx' {ii'i’parcd to iroiL oaf. the E.ri'rcisrs atladied to the 
marked Theorems. ‘ 

» 

()\ Link-: wd \N<ii.Es.' 

* Tiikoukm I 

When a straniht line iiirets oiiotlar stianiht line, the adjaceiU 
aiuiles .so formed aie totjether eqiial to tie* rujht anifles. 



is, if tho straight lino CO meota the straight lino AB, 
forming tho adjai ont _■* AOC, tJOB.*" 

then tho ^ AOC + tho C03 two right’ angles. 

For, as wo have already soon, u liaterer l>e the position of OC, 
tho adjaoont J AOC, OOB together make np the straufht angle 
AOB : and 4ho straight angle AOB is oq| divalent to the sum of 
tho two right angles AOD, DOB shown in tho figure. 
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LINES AND AN(;LES. 

ft • 


* Theorem 2. 

If tiv(9 adjj^CfKf anfjles are Uujelher et/ui^ to ^wo aiifiJes, 
their exieruyr armti arc ia the s(nne straifiht line. 



That is. if th(‘ a(lja(<‘iit QOB arc to^M'tlici 1<» 

twoViglit an^^h'S^tlicii tlic cKt<-inu ariii.s of these aiiule.s. namely 
0A-, OBs must mak(‘ a .stiaiifht ateilr, so that AOB;,s one and the 
sanu' straiijfht line. 

('ollOLL.XRV I W'Jo'li f) 0 )t( 0 jiouif 
tn H tjii'en shimilit hue atnf oioiihn of 
.slroKiht lines (ire drairn on the same sate, 
the sum if the ennsi’cafi^'e om/li's so funned 
is (‘([flal to two rniht am/les * 



For a .Kti.u^ht liiiaiev .>l\ mt: atwuit O, and luiniin/ in >u( ee.s.^.ioii iltrou(.'li 
the AOC. COD. DOB, hiII lia\e lunn d (iMoii^di liir Miai'ifd iii.'ih fOB. 
that iM, tlirnnj,4i tin) nulit aimli's 


CoROI.L\KY 2. When anij namlm of 
straufhf hues ined (it ((•pointy, the sum (f the^ 
{'onsenitire amjles so formed ?s (iinal to four 
rii/ht anijU’s. 



For a .‘<traic:lit line re\ iKinu alxnit O. an<l tuininy in mci ( '-.--lon 
throui^h the AOB, BOG. COD, DOE. EOA. udl ha\e made om 
i'Ditiplele revolution, and tlieiefore 6iin(*d Itiiough foiii iij^dit anjilcN. 

• . i* 

DiJUNlTION*!^. 

• • (i) •Two angh-s \vhoi*i' sum is tiro right angles, are .said to 

he supplementary ; and vaeh «« called the supplement ^>f the 
other. t ‘ 

(ii) Two angles who.se sum is one right angle are said to he 
complementary: and each is called the complement of the other 
(’OROLLARV. (i) Supplemejits of the'mitie amjle are eijuai 
■ * (ii) ('implements of the same anplf*are equal. , 
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I 

O^OMJTRY. 


* Thkorem 3. 

If two straight lku\s cut our nn^Jhcr, the rcrticalhf opposite gwjl^s 
are vgnal* ^ 


Jjot Mu‘ straight lin<*s A^, CD cut one another at the point 0. 

Jt is reipnreii to prorc that 

(i) the ^^0C ~ the L DOB . 

{\\) the L COB - the ^AOD. 

Proof. Hecause AO nu'ets the straight lituvCD, 

the adjacent i.' AOC, AOD togvthcr - two light angle, « ; 
that is, the ^AOC is the supplement of the lAOD. 

^ A-gain. beeausc DO ne-ets th»‘ straight line Ap, 

/. tile adjaei'ut J DOB, AOD together ---two right angles ; 
that is. the _DOB is the sujiplcinent of the lAOD. 

Tins each of the JAOC, DOB is tl#e supplement of the lAOD, 
C. the_AOr. the ^ DOB. 

Similarly, the _COB -*the 4. AOD. 

Q.E.D. 



BXEROISKS ONtAxilLES. 

1. Write down in degrees the mpplevunUa of 46\ 149°, 83°, 101° ; 
also of Jour-thtnts of a nght angle, /ire «iw/A.s of a straight angle. 

2. Writ'C doMTi the complements of 27°, 3H°, 41° ; also of thrte-eigJUha 
of a right angle. 

3. Two straight lines Ai CD cut atdD: if ttje i-AOC is a right ang^e, 
prove that eaoL of the COB, BOD. DOA la a right angle. 
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4. ^ Through what angles does the niiuut-e-hand a clock turn in 
(i) 5 minutes, (i^ 21 minutes, (in) 4.’U inimiteH, (iv) 14 mirt. 10 sec. t 
And hoM'*Ioinj{^will it take to turn through (v) (><?“, (v^) 222*#? 

5. A (.lt)ck is started at noon: thrmigfi whaj^* anules will thejiour- 

hartU (^ave turned by (i) 3.45, (n) M) minutes ])ust#f) ? And wliat will 
be the time when it has turned tllPtjugh 172J" ? • 

t). Thc.oart4i*ijiakes a eorn]>let<> revolution about its axis in 24 hours. 
Through what angle wiW it turn in 3 hrs. 20 nun . and how long will it 
take to turn throug|}i30 ’ ? ^ 

7. In the diagram of 'riieorein 3 

If the 4 -AOC 35’, write diAvn (wfthout measureinent) the \ahie 
of each of the BOD, DOA. 

‘(li) the .l"COB, AOD together make up 2r)0‘^,iind each of the 
COA, BOD. 

(lii) If the l‘’AOC, COB, BOD tog»*ther make up 274'’, find each of 
tho4our angle.s at 0. 

8. 'fhe angle firmed Jiy two sliaight lines OA. OB is 70°. Write 

dowiythe manber of deurees m^the eorre.spoiiding ttjh r aygle Illustrate 
by a figure. • 

9. From a point*0 in a straight line BA two lines OC, OD are diawn 

on the samfi s^lo (a.s on p. 45, (’or. I). j 

(i) Make a rough sketch when ^lAOC 72''. and ^DOB -41', and 
write down the number of degiws in the _COD. 

(ii) Make a rough sketch wdien _ AOC 3H'’. ami lCOD L DOB ; and 
write down the vaJue of each < 5 the last angles. * 

10. From a fioint 0 thr«‘e .striilghf lines oX, OB. OC are drawn 
forming the eonsecutive A'^B.^BOC. COA. If the_AOB lOH , and 
iBOC -^iiCOA, make a sketeh and tind the _BOC 

11. Four straight lines OA. O'J. OC. OD an* diawn in order from a 
4)oint O. If th.> consreutne _*A03, BOC, COD, DOA eontain respc'c - 
titoly x', 2x, 3x, 4x degrees, find fh^ nunij^ier of degns s m each angle. 

’ ”12. •A straight line A08 i« drawn on jMcjicr, whieh is then folded 
about 0» so as to make OA fj^ll alo^g OB , show that the ereaui left in 
.the paper is jitTpendicular to AB. 

13. In the triangle ABC the .lB the iC. If the side BC is pro- 
duced both wnys, show' that the extenor angles so fonmsl are e(pial 

• 14. In the triangle A3C the ^/B - the C- If AB and AC are produced 
beyond the base, show that the exterior angles so furmid are equal. - 
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GEOMETRY 


Dkfinjtion.' The liiiefl which bisect an angle and the 
atljac('nt u^igle madw by jn-odueing one of its c4rms a^e called 
the internal amt external bisectors of tlic' given Angle. 

^ « 

Thus in* the (liiijj'rain, OX and OY^ire the 
internal and exlornal bwectois nf (he angle 
AOB 


KXKinnsKS ox Vnclks {continued). • 

• 

15. I’lou' that the l)is(*et(>i'H of the ailjai-ent angh's whieh rme straight 
line niiiki's with another contain a iieht .ingle 'that i,s to say, the 
internal and extern?! bisectors of an angle are at right angles to one 
another. 

Ill Show that the angh's AOX and COY m the above diagtain are 
I oniplementai \ , * 

17 Show lhat till' angles BOX and’^COX aie su|i|)leinentiu y ; and 
also th.il th(' angles AOY and BOY ate supph'tnentai \ . 

l.^^. If the angle AOX is it.'*’, tind tin* .ingh' COY. ^ 

l!>. If fioin 0, a point in AB. two .stiaight lines OC.OD are drawn on 
opposite sides of AB so as to make the angle COB e<pinl to the angle 
AOD . show that OC andOD aie m tin' same .stiaight hue. 

, ♦ * 

’J\». T’wo stiaight lines AB. CD eioss* at O. If OX h (he bi.seetor of 
the angle BOD, pro\(«(hat XO pio(|l'>ced bisects th.' angle AOC. 

lM I’wo straight lines AB. CD efo.sS .at O if the angle BOD w 
bisected by OX. and AOC by OY, prove that OX. OY are in the same 
stiaight line. 

« 

22 Two straight lines AB, CDicross at 0 rro\(» ‘>y the method */ 
rotntioii that the vertically op]»ositc*_" AOC. BOD are equal. 

[Siqipose that the line COD turns a^Mit O, and that it started from 
the {losition AOB Then sp'ce CD keeps straightness as it tifi'ns, the 
same iloveinent that ojiens the -^OC ajjso opens the _,BOD.; that is, 
these angles are the ix'sult of the .same amount of turmnU, and are there* 
fire equal to one another.] , ' 




Parallel-^. 

DEFT^flTiajr. tStny^ht lines in the .sain*' ]»||ine Which have 
like dtrectmis, relatively to any "iven lnii\ an* said to 

parcel. • / ' # 

Such liiicH do not meet liowe\ei^ai they are |U(uluccd, for they could 
only lueet it they had iltffnmt dmctiou-* (pufie Ut. Art. 1). 

The jiiipil lias aln'ndy verified liv experinient and oliserva- 
tion the*tiuth of ifie followiniz Nlat4‘in<‘ny (st'c pp. ‘20, 21). 



(i) The diieetions* of two strai;.dit lines AB, CD as coni- 
pan‘?t with a third .straijfhHim* EF. w'hieh cuts llu'in at G and H. 
are fixed by tin* cpiresponoing anyh*^ EGB, EHD. 

(ii) If the^ corresponding angles an* ef|nal. AB and CD Jiave 
like directions as compared with EF, and (rill riercr meet if 
prod need. 

(iii) Conversely, if yVB. CD*never im'et^ if ]»rodiie(*d. they 
have like directions as compared with amf line EF that (*nts 
them ; so that the corresjiondllig angles E^B, EHD an* equal. 

These .statements we sfiaM now n'gard as self-evident, and 
expre.ss them in the following Axioms. 

t 

Axioms on pAiv\nhELS. 

' *1. •When two straufhi lines ore cut hij another slrau}hi line, i] 
a pair of corresponding ajigles^are equal, the (wo straight lines 

•are parallel.’, 

2. When two parallel sfmiqht lines are cut hq another straight 
line, the corresponding angles so fonrwd are equal. 



* Theorem 4, 

• ** 

W/ien t^o lutes are cut btf anothf^ sifanfhi'line, 

, (i) if the altefmte (kujles are equal, 
or (ii) if the iiherior aA/les ih{ the satne side arc tofjethor equal 
^ to two rifjht auqles ; 

then in exwh case the two stiavjht Hues are jKiralJd: 



(i) L(‘t tho two straight liiuvs AB. CD be rut by the straight 
line EF at Q and H, and let tin* nltcntatou AGH, GHD be equal. 

It is rcqimcd to prove that AB auU CD are }xtrallci 

• 

Proof. Because the .lAGH - the vertically opyosite lEGB, 
and tln‘ .lAGH =the ^QHD. by hypothesis ; 
the^EGB the. GHD: 
and these are eorp’spondufy angle.s ; 

AB and CD are parallel. Axioia (i), p. 49. 

* # 

(ii) Let tin* two interior .''BGH,^GHD be together equal to 

two right angles. • 

It is required to prove that AB aud CD are jwiraUel. 

•n i. e «i 

Proof. 

Because the sum o^ the GHD = two right angles, 

an(|^the sum of tho adjacent _*BGt/, BGE==two right angles; 
the sum of the BGH, BGE - tfie sum of the BGH, GHD. 
From these equals hike the . BGH ; 
then the . EGB = the .l GH D ; 

and since these are corresponding angles, AB and CD are parallel. 

c ^ ‘ Q.E.p. 



PARALLELS. 


%\ 


* Theorem 5. ^ 

If a stravjhfline^cuts tm parallel lines, it unalks 

(i) the alternate anjfles equal to^one (^wther*: ^ 

(ii) the two interior aiujks ofTthe same side together •equal to 

two right angles. 



Tie^ the straight lines AB, CD be parallel, and let the straight 
line EF cut theni^at G and H. 

It to prove that » 

(i) the *.AGH - tfte alternate ^GHD ; 

(ii) the tii'o interior z.*BGH, GHD UMjether = two right angle^. 

Proof, (i) Because AB, CD are ])arallel. and EF cuts them, * 
the L EGB = the ccyrespon<ling _ GHD ; Axiom (ii), p. 40. 
but the _ EGB = the vertically o])posite l A^H ; • 

the L AGH = the alternate ^HD. • 

(ii) Again, the l EGB = th*e Z GHD ; 

add to each the l BGH ; 

. _ then tlv>^' EGB, BGH together = the BGH, GHD. 

But the adjacent l* EGB, BGhf together two right angles ; 

•*, .the^two interior l’BJH, 13HD together^ two right angles. 


Notes, (i) A straight line (such os EF in the above diagram) drawn 
across a set of given lines is called a transyer|al. ^ 

(ii) If AB is a straight tine, mofcmcnts from A towards B, and from 
B't^^rds A are said to be in opposite senses of the line 1^6. , 
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GEOMETRY. 


♦Theorem 6. 



sUfiigtil line are 


tho stniiglit liiR'H AB, CD be eael) jmrallol to PQ. 

It is rfqHiml to prove that AB and CD an- paudlcL 

Draw a straiglit line EF cutting A»3 CD*‘ and PQ in the 
])oints G, H, and K. 

Proof. Then bocauso AB and PQ are parallel, and EF cuts 
tlie\n, * 

the _ EGB the ('orresponding i GKQ. 

And because CD and PQ arp paraiy, and EF cuts them, 

' the GHD -- the corresponding l GKQ. 

* the *.^B -the ^GHD ; 
and these are corntip&nding angles ; 

AB and CD are parallel. 

Q.E.D. 


Note. If PQ lies botwwn AB aifd Cf, the Proposition xeeds no 
proof^ for it i.s inconceivable that two straight lines, which do not meet 
an interniodiate straight line, shodid nict.*t one another. 


Axiom, through a l/iivn there can always be one 
only ane) straight line parallel to a given hraight line, ^ ' 



EXERCISES 0 
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PARAU.ELS. 
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, EXERCISES ON PARALLELS. , 

• . i' 

1. Two straiglit Im^s AB. CD aro <Mit b\ a tran.^worpal EF at G and H 
(aa in the figurc of Theor. 4); show that A»an(l CO iMll be j)arallel, if 

• • (i) tho^EGB the VifiC; ( 

or if (ii) the ^EGB I the _FHD two riglil angles. 

2. T\m) AB, CD are eut by a transversal EF at G and H (as 

in the figure of Theor. o) ;*sho\\ (hat 

.* (i) the 'EGA the_FHD; # 
also (ii) the _EGA t the „FHC two right angles, 

3. 'J’wo pnrnJIrJ.'i AB. CD aie enP bv a*1iarisversal EF at G ami H 
Of the two interior wigles at G and H (on the sanie sale of EF) that at 
G iHisjnal to 2Ji times that at H Kind all the angles at G and H 

4. fn a straight line AB two ]Miints P and X are taken, and straight 
•lines PQ, XY are drawn making the _BPQ,(siual to HI and the _BXY 

equal^to 47\ 'I'lirough how many (l«*gre<‘s must XY turn about X in 
order *that it may beeome parallel to PQ, Answer fhi.s (i) when XY is 
supposed to turn to^^'ards PQ ; (n) when XY tiirns oar/y from PQ. 

• r>. P4faight lines which are perpendicular to the same straight line are 
parallel to one another. \N'hy ?• 

(i. If a straight lidte meets two or more parallel straight lines, and is 
perpendicular^to one of them, show that it is also perpendicular to al^the 
others. * 

7. In the adjoining figure, PQ is given parallel to 
AB and the Z.QPR the ^BAC: show that PR i" 
parallel to AC. • * * 

[Lot PQ and AC cut at X.] 



8. In the adjoining figure QP, PR are respectively 
.parallel to BA, AC ; show that the Z.QPR - the _BAC 
[Produce QP to meet A at X.] • 



*9.’ Ilf the marginal figurf«QP, PR are re.spe('tive!\ 
parallel to AB, AC ; show' that* the .*• BAC, QPR are 
supplementary. 

[Produce RP to*meet AB at Xij 



10. Two straight rods PA, QB revolve abciut pivots a> P and Q, PA 
making 12 complete revolmions a jgiinute, ana QB making 10. If they 
stair narallel and pointing the same way, how long will it he before they , 
• are a^ain parallel, (i) pointing opp>8i^ ways, (li) jiointing the same way ? 
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Theorem 7. 


The three angU's of a triangle are together equal to two right 


angles. 



E. 


Let; ABC Le a triangle. 

f 

It is reqiii rd to prore that the three z-' ABC, BCA, CAB together 
-two right angles. 


Protliu'e BC to unj’ ])()int D ; and suppose CE to be the line 
through C parallel to BA. ^ 

Proof. Becausi' BA and CE are parallel and AC nu'et.s them, 
the L ACE = the alt(*rnato l CAB. 

Again, because BA and CE are parallel, and feo meets them, 
tlie L ECD =^the (^responding l ABC. 

♦ € 

the whole exterior l. fKCD ^ the *.ium of the two interior opposite 
L’ CAB, ABO. ^ 

To each of tln^se eqtua‘iS add the l BCA ; 
then the l'BCA, ACD together -the thri'e ^."BCA, CAB, ABC. 

But the adjacent l^BCA. AGO together = t\v- right angle?. 

/. the J BCA, CAB, ABC together = two right angles. 

” , cQ.E.D, 

« ^ 

That is to saq, if A, B, and C (tenote the number of degrees in 
the angles of a triangle, then » 

A + B + C^ISO®. 
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THE ANGLES (A" A TRJAXGLE, 

• Corollaries to Tiieoreji 7, 

* * • f ' 

1. Jf a Side of a truuuflr is produced ?iie exterior angle so 
forgied is equal to the sum of the^tuo interior i^ppositc angles. 

* Namely, th<' ext. _ the I CAB 4 the* lABC. 

Henec the ext. ,lACD is greater than eitfuT of tfie int. opj). 

CAB, ABC. ^ 

2. IfX wo triangles have two angles of throne respectivelg equal 

to two angles of the other, then the third angle of the one is equal to 
the third angle of the other. • , 

3. Ererg triafhjle must have at least two aeute angles. 

4. In anq i ighi angled triangle the two aeute angles are 
tofiether equal to one right angh\ 


• Other Inkehenc em. 

1. Jf one angle of a triungle is equal to the sum of the other 

two, the triangle is*right-angled. * 

2. The *suhi of the angles of any quadrilateral figure is equal to 
four right angles. 

fFi»r in the adjuininj' lienn* if two oppoHilc 
are joined, the 8uni of all the anj|IeH'P)f the two triafigle.s 
thus formed - 4 right angles. An<l all the anglen (d the 
tw’o tnangles tfigcther make up ffte angles or th<’ 
quadrilateral.] • 

3. Only one jwrpendieuhr can he drawn to a straight lim 
from a given point outsuie it. , 

[If two iierpcndiculars could be drawn'to AB from 
P, wo should have a triangle in which each of 

the c.* PRQ wov^ld w a right angle, w hieh i.s 

impossible,] ^ • • 

9 , A Q R B* 

4. Prove Theorem 7 by sujrposing a line to he draum through 

the vertex parallel to the Ixise. • ' 

[Vor Exercises on Theorem 7, see next page. Eaay quistions for oral, 
wolf are given on p. 28 of the IntrgKluctiomJ 
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EWRCISES ON THEOREM 7. 

1. Each angle of «¥* e<juibvternl triangle is tno-thirds of a right angle, 

or 00. ^ . \ ^ 

2, Twi» nngleH of a triangle air anrl 12JV^ leaiiectively : 'deduce 
the third angle ; and verify }our le.sult by ineasiiiernent. 

;i. In a triangh' ABC, the _B 111“, the _^C '42^1 tleduee the ^A, 
and verify by me.iHurr nient. 

4. One side BC of aNriangle ABC h pmdueed (o D. If the exterior 
angle ACD h IIU ’ , and the angle BAC is 42 ’ , tind each of the remaining 
interior angles. » * 

r>. In the figure of Theorem 7, if the _ ACD 11!^\ and tlic iB- .71®, 
find the _* A aiuf-C : and elieek your n-.sults by measurement. 

0. ABC IS a triangle in which the angles at B and C are rt’s])eetively 
double and treble of the angle at A* find the number of degiees in each 
of these angles. • 

7. Express m degiec's the angles of an isyseeU's Oiangle m which 

(i) Each hast* angle is double of the veitieal angle ; * 

(ii) Eaeh ha.se angle is four times the Vertical angle, 

* f 

H. The base of a tiiangle is produced both wavs, and the exterior 
angitis air found to he 04' and 120'; deduce the \ertital*.ingle. Con- 
stiiiet Bin'll a triangle, and elu'ek \our ri'sidt by ineaBurement. 

0. The .Slim of tin* angles at the base of a triangle is 102“, and their 
ddlerenee is Od’ ; timi all the angk<„ ^ * 

10. If any aide uf a triangle ^is jtroducod both ways, the exterior 
angles so formed nir together greater than two right angles. 

11. The angles at the base of a^riangIe are and 62°; deduce 
(i) the vertical angle, (ii) the angle between the biseetoi's of the base 
angles. Chock your results by ons/ruetum and measurement. 

12. In a triangle ABC. the anglia at B and C are f4 ' and 62° ; if AB 

and AC are produced, deduce the nnjjle between the bisectors of the 
exterior angles. Cheek your result grt.phicnlly. ^ 

13. ^ Three angles of a quadrilateral pre resjiectively 114^°, 50°, and 

find the fourth angle. ^ ' " 

14. In a quadrilateral ABCD, the angles at B. C, and D are respec- 
tively equal to 2A, .’lA, and 4A ; find all the angles. 

lo. If two Straight lin^ ajre perp^dicular^to two other straight lines, 

, each to each,<the acute angle between the first pair is equal to ue alhite 
angle between the second pair. , ' , 



ANGLES OF ^ POLYGON. 
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Definition. A polygon i.s a ])lano figure Ixauided by more 
than four sidesf It is said to be regular wJk'u / has all its sides 
equal and all» its angles equal. • ^ ^ 

Tiy^rf?UEM 

The sum of the interior aiujles of an if polijqon, tinjether with 
four riijhf angled, is r^ual to twice as many right angles as the 
figure has sides. • • 

* D 

E 


A B 

Let ABODE be a i)olygoi) of n sides. 

It is required Jo prom' that 

^ the sum of the intrr^fw angles i 1 rt. J' -'ln rt. l.\ 

Take any point 0 within the figun*, and join 0 to each of 
its vertic<^. 

Then the fignn* is divided into n triangh's. 

And the three of ixieh togetluT 2 it. L'‘. 

Hence all th(‘ J of (dl tju* , ^ together- 2n rt. 

But all the l* of all the . ” make iij» all the interior angles 
of the figure together with tln^angles at d. whielr 4 rt. l\ 
all the iiit. l" ot^tlse figure 4 4 rt. .i" - 2n rt l*. 

Hence the sum of the int. J--~ (2n- 4) right amjle^. 

• Q.E.D. 

*. * 

•If D denoteji the nunil)er f)f depfees in each anple of u nyuhtr jiolygon 
of n sides, the above result in^v b<‘ statAl thus : 

f ?iD ‘ 300*^ ^ n . 180'\ 

• • 

^LXAMPLE. 

Find the number of degrees in each angle of 

(i) a regular hexagon Jfi sides) ; » 

(n)ia regular octagon (8 sides) ; 

(iii) a regular decagun (10 Hides). * 





58 GEOI^STRY. 


Corollary to Theorem 8. 



1st Proof, ftupposo, as hoforo, that tho fi^iiro has n sides; 
and (•.ons«'(juen*My n vertices. 

Now at rnrh vertex. 

tlu' inteiior L I tlie t'xterior l^ 2 rt. l'; 
and there are n vi'rtices, 

the Sinn of tin nit. _' + the sum of^the e:fit. _' = 2?? rt. L\ 
But hy Theorem S, ^ , 

tho sum of tlie int. _"-f *4 rt l" ~2n rt. 

tlie sum of tho ext. l'’ = 4 rts l". 

, , Q.E.D. 

2nd Proof. 



Take any point 0, and suppose 'On,, Oh, Oc, Od, and Q% are 
lines iiarallel to the sides marjved, A, B, C, D, E (and drawn 
from 0 in tho sense in which those sides were produced), 

Then the exterior l between the i.kb*s A and B - the LaOh. 
And the other exterior _*=^tlie hOc, cOd, dOe, eOa, 
respectively. ' , 

the sum of the ext. L''=the sun. of the l* at 0 

• =4rt.L*. 



ANGLES o| A POLYGON. 
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EXERCISES ON THEOREM 8.i 

an irregular pentagon (5«nlcJ)^are'40°, 78®, 122®, 
th angle. A * 

polygon Hide^ each alfgle contgina * 


1. Four rfhgles'of an irregular pentagon {i 

and 13o® ; find the fifth angle. A 

2. * In any regular polygon Hide^ ea< 
right angles. 


(i) Deiluee thjs result from the Knunciation of Theorem 8. 

(h) Prove it inderioAdently by joining «me vertex A to each of the 
others (except th€fcf\\o immediately adjacent to A), thus dividing the 
polygon into n - 2 triangles. * 


3. How manv sides have the Regular polygons each of vvhose angles 
IS (?) 108", (ii) iriir ? 

‘4. Show that the only tegular figures which maiy^bi' fitted together 
so as to form a plane surface are (i) eguilatctal itiaugleji, (n) mimre^, 
(ill) regular heragom. 


5. If one side of a regular hexagon is produced, show that the exterior 
angle is eijunl to the interior angle of an e<juilnteial triangle, 

• • 

G.^Kxpross in degrees the magnitude of each erlenor angle of (i) a 
regular octagon, (n) a regulaji*decagon. 


7. How manv^ides has a regular polygon if each exterior angle is 

(i) 30°. (iiV24’ y* ^ 

8. If a straiffht line meets two parallel straight lines, and the tW(<» 
interior angles on the same side aie bisected, show that tlie bisectors 
meet at right angles. , 

• * 

n. If the base of any triangle is produced both ways, show that the 
sum of the two exterior angles miMuA the verticitl angle is equal to two 
right angles. » 


10. In the triangle ABC the base angles at B and C are bisect-ed by 
BO and CO resjiectivelv. Show^^hat the angle BOC 0<j° + 

11. In the triangle ABC, the sides ^B, AC are produced, and the 
exterior angles are bisected 'Vy BO and CO. Show that the angle 

^ 0 - 90 °-^. • • 

^ • * 

12. The ar^^le contained by the bisectors of two adjacent angles *of 
a quadrilateral is equal to half the sum of the remaining angles. 
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^ OEOMirrRY. 

Triangles. Congruence. # ^ 

N.B. For (^h’fimtion of Confjrnence, and' an \nformal ex- 
jdanatioH of Theorems 0, 1 ,), and 13, see Introduction, pp. 30-36. 

* Theorem 0. 

If two trianoles have two sides (f one fqi{{djp two sides of the 
other, each to each, and the angles included Inf those sid'e^ equal, 
then the trianqles are conqrnent 



In tin' two VABC, DEF, let AB-DE, and *AC-DF, and let 
the if.ehided i.A tin* included _ D. ' 

* It ts rcqjdird to pron that the ._\'‘ABC, DEF are congruent. 

Proof. Apply the .\ABC to the ;\DEF, so that the point A 
falls on th(' point D^, and the sid<‘ AB along the side DE. 

Then because AB«-DE, 
the point B falls on the point E. 

And because AB falls along DE, and the LA = the lD, 

AC must fall along DF 
And because Ap = DF, 

^ /. the point C falls on th^ jwint F. 

.Thus the points A, B, C fall on the jwints D,iE, F; 
that is, the A" ABC. DEF are congruent. 

Q.E.D. 

It follows th^t BC-EF, the LE.'^and the wC=tho LP; 

aloo that the triangles are equal in area. ' 



conoruenJ' triangles 
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* Theorem 10. 

* • * * 1/ ^ ^ 

If two trhngks ham two angles of om eqW to two angles 

of the other, each to each, a>Hl any Side of the first equal to the 
cotrosponding sale (f the othcj^thr ^iani/ics4ire conqruent. 



In tho /;ABC. DEF, i.‘t the lA - tli.* . thr.iB -Ihe _E, 
also th(' si(l(j BC = IIh‘ conrsjtowfini/ sr1<> EF. 

ft is required to prom that the /.''ABC, DEF are conqraoit. 

• . 

Pr*of. Since the LA^^tJie /.D, and the ^ B llie l E. 

^ tlie _C = the i.F. rheo) . 1 . (^or. 2. 

Apply Uie /\ABC to the / .DEF, so that the ]>oint B fails on 
the point E, and BC along tin* equal side EF ; 

then C must fall on F. 

• n 

And hecau.'^* tn(‘ _ B - the _ E, 

/. BA must fill along ED* 

And becaus(‘»the lC=^ tin* _ F. 

CA must fall along FD. 

* 

, the point A, which falls botJi on ED and on FD. must coin- 

* cide with D, the point in which, these lines intersect. 

• Wins the points A»B, C fall on the points D, E, F; 

tljat is, the /."ABCjOEF are congruent. * 

s Q.E.D. ' 

# 

It follows that AB = DE, and AC = DF; al»o that the triangles are 
equal in area. * 
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EXa^CISES ON THEOREMS 9 AND 1/). 

1 . AB is a giv(in at wight lino and 0 its middle poirft. OC is the 
peqiendioular to AB at"0, and P w any point in OC. Join PA, PB ; and 
prove that the trianAlos P0A1X)B *-e congruent ; hence that PA =PB. 

2. ABC ifl an isosocles triangle. If Iho lino which bisects the vertical 

angle A meets the base BC at D, prove that the triangles BAD, CAD are 
congruent. Hence show that ' 

(i) BD CD 1 (ii) AD is perfiendicuV'U' to BC. 

t '* 

3. Assuming that the four sides of a square ABCD are equal, and 
that its angles are all right angles, prove that, if AC, BD are joined, 
the A* ADC. BCD are oongnieot , and hence that AC BD. 

4. ABCD i.s a sijuare, and L. M. and N are the nnddlo points of AB, 
BC, and CD ; pr^vo that 

(i) LM MN. (li) AM DM. 

(hi) AN AM (iv)BN --DM. 

[Draw a separate figure in each case, ] 

5. ABC is a triangle right-angled at B. l^roduce CB to D the 
other siiie of AB), and make BD - BC. '^oin AD ; and prove tnat the 
A"ABD, ABC are congruent; and hence that 

(i) AD AC; (n) .lDAB - -CAb. 

^ (1. ABC 18 an iso.seeles triangle From the equal sides AB, AC two 

equal jiurts AX. AY are out otf. ami BY and CX are joined. Prove that 
the A" XAC. YAB are congruent ; and hence that 

(i)B'^ CX; (R.) ^ABY'-lACX. 

7. From the ends. if a straight fine AB two per|H'ndiculara AP, BQ 
are drawn to AB on opposite sides ! and AP, BQ are made equal. Join 
PQ cutting AB at 0. Prove that tbe O.'AOP, BOQ are congruent. 
Hence show thatO is the middle point both of AB and PQ. 

8. Let 0 be any point on the bisector of the angle BAC. and from 0 
suppose perpendiculars OP, OQ d^awn to AB, AC. ,Prove that the 
A* OP A, OQA are congruent ; heneeUhat any point on the bisector of ak 
angle is equidistant from the aims of the.angle. 

9. 'p.rough 0, the middle jsunt of a stlaight line AB. any Airaight 
line is drawn, and perpendiculars A?', and BY are drawn to it from A and 
B : show that AX - BY ; and that XY is also bisecttnl at^O. 

10. PQR is an isosceles triangle of which P is the vertex. If from 
Q and R, the extremities of the base. QM and RN are drawn perpendicular 
to the equal sides PR. PQ, preve that the A*MPQ, NPR are congruent ; 
hence that (i) QM =RN, {«) PM -PN ;. deduce,.MR --^NQ. 

^ Hence show that the A'RMQ. QNR are congruent. ^ 
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• exercises on congruent TKIANOLESi 

• 

11. ’The triangle ABC w such that the line AD. ihich bisects the 

angle at A, is also ^rijeiuJicular t^i the base BC. Pro\/ ( hat the t rianirla 
ABC 18 istJhcejfs. * 1/ ^ 

12. If in a triangle the i)er|>en<licular (j|rawn*from a vertex to the 
oiipositc side bisects that side, showj^hat tM* triaifgl^ is isosceles. 

1:J.* IMN is an isosceles trmng^.^and Ff Q are the middle# points of 
the equal sides LM, LN. If PN, QM aie joined, show that the triangles 
PLN, QLM are eon^ruent ; hence that MQ NP, and ilLPN _LQM. 

Deduce A.MPN Z.NQM ; and hence show that the triangles MPN, 
NQM are onngruent. « * ^ 

14. Two straight lines AB and DC cross one another at 0 in siieli a 
way that 0 is the middle point of eaj|fi. If AC and BD ate joined, prove 
that tile A'ACC, BOD are congruent ; and heiue that AC BD. 

In the^oongiuent^nangles pi(>k out two equal alleniute angles, and 
prove that AC, BD are parallel. • * 

^ 1.0 Two men A and B part company at a place 0. A traiels Kast 

then North ; B travels Noith then Ka.st. Each man goes as far North 
as the other goes East, ^hovv this by means of a figuie, and prove that 
they finish at equal distances from O. 

1«. ABCD IS a square? In AB, BC, CD. DA points X. Y, Z, V arc 
‘so takeFthat AX- BY^CZ l^V ; and XY, YZ, ZV, VX are joined. 

Prove that the four A* AXV, BYX.CZY. DVZ are congiuent. Hence 
show' that the figure XYZV is equilateral; and (by means of Theor. 7) 
that each of its angles is a right angle. • 

(Assume that the .sides of a square are all equal, ami its angles all right 
angles.] 

17. From the ends of a straight li^> AB any twojiarnllel lines AX, BY 

are drawn on opposite sides of ^B, ami AX and BY are made eijiial. 
•loin XY. Pick out two e<|ual alternate angles, fnd pmve tliat the 
A*APX, BPY are congruent. Hence show- that AB, XY Iums t one 
another, • , 

18. On the base AB and on ojiposite sides ot it two / "PAB, QBA 
•are drawn so that the il*' at A and B jn the f PAB are respis tively equal 
to the L* at B and^ in the A QBA. *f^ll this Fig 1. 

fSuild these triangles be made U> coincide by folding about AB ? Are 
they congruent T » * 

•Drnw#he figure that w’ouljf result if the A QBA were folded»about 
AB till it came into the plane of the PAB. Pail this h’lg. 2. • 

iFoin PQ in eacli figure, and prove that , 

(i) the A* PACf, QBP arc congnient in both figures ; 

(ii) PQ bisects AB in Fig. 1 ; (in) PQ is parallel to AB in Fig. 2. 

19. The straight line joining the middle *point of the hypotenuse 
of • right-angled triangle# to the* right angle is equals to half the 
hypeienuse. 



64 



B D C 

ff 

Ti<H ABC bf*’a triangle, in winch the sidt* AB = the side AC. 

1 1 is rvquih'd fo prove that the _B the ^C. 

Suppose that AD is the line which bisects the -BAC, and 
let it meet BC in D. - - ' 

1st Proof. TIh'u in the '."BAD* CAD. 
i BA-CA, 

bctause AD is common to both triangles. . 

[and the included ^BAD- the included ^CAD ; 

I he triangh'vS are congruent ; Theor. 9. 
so that till' iP^^'the .lC. 

^ , Q.E.T). 

2nd Proof. Suppose the A ABC' to be folded about AD. 

Then since the l BAD - the l CAD, 

AB mu^t, fall along AC. * 

Aftd since AB = AC, 

B must fall on C, and ronj.'*quently DB on D'i). • 

the i_B will coincide with the lC, and is 'therefore equal 
to it. 

Q.E.D. 

Ohs. This Theorem is sometimes enunciated as follow^s : 
The angles at the base of an isosceles triangle are equal. ^ 
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Theorem 12. . 

If of a trmmjle are equal, then tJie^de^which 

opposite to those a)ij^les are equal. * * • 


At 



B C , 


Let ABC be a triangle in whn li the ^B=--t}ie ^C. 

It is requiied to prove that the side AC the .side AB. 

• Suppose that AD is the lirn* which bisects the ^ BAG, nnd let 
it meet BC in D. 

Proof. * Theinn tin' /; BAD. CAD, 

• the t)|(> ^C, (iir^)i. 

because j and the /.BAD the ^CAD. 

[ and Af> is coinnion to both tnan^h's , 

• the tnangh's are ( on^ruent , 77/cf)?‘.*10. 

80 that AC -AB. g e i>. 

Note. If \^c intorchanjiej the hvp^pbeftm and ooik inwoii of u tlieon in, 
we enunciate a new theorem whinli nl^lled tJie converse of the liiht. 
Thus in Theorem 1 1 ^ 

we a,wuwe that AB ' AC, and pre^e ll)at the .L ABC tlu' _ ACB. 
And in Theorem 12 « 

wo asmm£ that the _ABC tile _ACB, and pr(»e that AB AC. 
Hence Theorem 12 is (he loruerw' of Theorem 1 1, for the. ht/jiolfiesiM of 
•each ts Ifw ronclmion of the other. ^ 

Definition.* A figure is .sal^ to be symmetrical about a 
line when, on being folded j^ioiit that lin<*, the fiarts of the 
figure (^h each side of it c«n be brought into coincidentf?^ 

The straight line is called an <sris of symmetry. * 

That this may possible, it is clear that the two j>arts of the figure 
must have the same size and shafn*, and must L’ similarly placed vith 
regard to the axis. * 

Theorem 11 proves that an isosceles* triangle is symmetrical 
aimt the bisector of its ^rticaIl angle. 

* it. Sh.o. r» 



ShoN\Vh 


equal. 

2 . 


EXERCISES ON THEOREMS 
the Kides of a triangle ai 

•.* t 

If the angh\ of a trilugle itrc e(|ual, 


11 AND 12 . 

arc all equal, ’Li angles are all 


its sides are equal; 


3. ABCD IS a fuur-suled ligure whose sides are all equal, and the 
diagonal BD is drawn : show tlmt 


( 1 ) ^ABD _ADB; (n) ^CBD _CDB; (lu) ^ ABC - _ ADC. 

4. If the h<i,-<e of an isi)secl(‘s Inangle is produced both ways, show that 
the exterior angles so foiined are e(|ual, and obtuse. 

5. If the si(l< h of an isosis-les tii.ingle are produced "beyond the 
base, show that the extenor nngh's so formed are equal, and obtu.se. 


(I ABC, DBC ate two isosceles 1 1 tangles drawn on ojiposite sides of ^ 
the same ba.s(' BC : pnive (by means of 'I'heorem ll)that.lABD -.gACD. 


7. ABC, DBC ar<‘ tw(t is<ise(>h's tnanples <liawn on the same side of 
the saim' base BC : emplo\ 'riieoiem 11 to prove tl.at u.ABD -Z.ACD. 

8 AB, AC are th<‘ equal sides of jki isosech's triangle ABC ; and 
L, M, N ar(' the middle points of AB, BC, and C^ respectively: then 

^ (i) LM NM; (ii) BN CL; (m) _ALM -ANM. 

9, Prove that any straight line drawn paiallel to the base of an 
isosceles tnangle makes equal angles with the sides. 

10. If fiom any point in the ifl.see^-or of an angle a straight line is 

drawn paiallel to either arm of tl^ angle, show that the triangle thus 
fonned is isoseelt^s ' *■ 


11. From X. a point in tin* biuse"BC of an i8(/scelpfl tnangle ABC, a 
straight lino is drawn at right angles to the base, cutting AB in Y, and 
CA poidueed in Z ; show the tnangle AYZ is isosceles. 

4 - . 1 . 

12. If the straight line which bisects an exterior angle of a triarigle 
is i>arallel to the opposite sidV*, show t^t the tnangle w isosceles. 

13 , A is the vertex of an isosceles triangle ABC, and BA is produced 
to D, so that AD is equal to BA ; if DO is drawn, show that BCD i) a 
i right angle. 

14. AB and CD arc twm straiirlit lines intersecting at D, and the 
adjacent anglc.^ so formed are bi.sected : if through any point X in DC a 
straight line YXZ is drawVi })nrftllel t<i AB aqjl meeting the bisectors in 
Y and Z, show that XY is equal to XZ. 
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♦Thkorkm 13. I 

If two the three sides of aiie ei/lial^o (he three 

sides of the other, each to each, the (na^fks fire eom/rurnf. 



• G 

In the trian}/l(‘s ABC. DEF, l<;t AB - DE, AC DT, lyid BC - EF. 


It is required to prove (hat the truitufles are eonf/ruod. 

Proof. Ap])ly tho /.ABC to llie a DEF, so that B falls on 
E, and BC along«EF. ayd that A is on tho .^do of EF ojiposito 
to D. «[Sce Noto below.] , 

Then beeau.se - EF, C inu.'- t fall on F. 

Let GEF be the new position of the '.ABC. 

• Join DO. • 

Because ED = EG, the _EDG-the .. EGD. Thcor. 11. * 
Again, becau.se FD-^FG, the _FDG=-- tin* i_FGD. 

Hence the wholel.EDF -the whoh‘ _ EGF, 
that is, the l . EtiF - the B^C. 

Then in»tln,* BAG, EOF ; 
r BA = ED, 

because^ AC^- DF, 

•. (and 4he included l BA® = the inclifded l EDF ; 

the triai^gles are congruent. q.e.d. 

Hen?e the cones pondvuj lAgles are injual ; namely, lC - lF , -- ^E, 

and Z. A -L D also the triangles ar‘»e(pial in area. • 

• Note. The Meal^st sale of the /.ABC is chosen for snperjiosition sv 
that DQ falls within the _• EDF, EOF. 


At this sta-ge Problems 1 tob, pp. 96-102, should Ije worked 
^ out in fully the prgofs, th^e given Snly in oudine, affording 
' 0 useful exercises in Congruent Triangles. 
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r^EIiySE!^ ON CONGRUENCE OF TRIANGLES.^ 

1. Two A" aVb, AQ B lie on opposite sides of the common base AB, 
anti are such that Ar AQ.land BP BQ. Provo thftt the triangles are 
congiuent. lleric^.show th* «> 

(?/ -P lQ ; (if/ AB hWets each of l." PAQ, PBQ. 

2. ABC IK an iaosci'les triangle wIkhi* vertex is A, {iiulO is the middle 
point of the huse BC. Join AO ; and prove tV'it the A" AOB, AOC are 
congruenf. lienee show that 

(i) AO Insects the veitieal angle BAC ; 

(ii) AO IS per|aMidieular to BC. 

;i. Tf ABCD is a rhombus, that is, an eipiilaterj,! four-sided figure ; 
and if the diagonal AC is diawn, pro\r that the ABC, ADC are con- 
gnuMit. I'riieor.’ili. 1 lienee show that 

(i) AC hiseets ea. h of th(> BAD, BCD ; 

(ii) the four BAC, DAC, BCA, DCA are equal. [Thcor. 11.] 

Pick out a pair of equal nlto naif angles, and prove that AB and DC 

arc parallel ^ 

4 If in a quadrilateral ABCD tiu' (’pjiomto .sides are eipial, iiamely 
AB CD and AD CB , pro\e that the _ ADC “the - ABC. 

c 

T). If ABC and DBC are two isoseeh's triangle.s drawm on the same 
htt.se*t3C. prove (by means of 'I'heoMun 12) that the - ABD Mho Z. ACD, 
taking (i) the lasi^ whore the tiiangles aie on the same side of BC, (ii) the 
ease where they an' on opjiosite sides of BC. 

d. If ABC. DBC aie two isoseel a tj^ianglbs drawn on opposite sides 
of the same ba.se BC, and if AD be join<*d, prove that each ot the angles 
BAC, BDC will he bnated, i 

7 If two given points in the ba.sa. of an isoseele.s triangle arc equi- 
distant from the extremities of the base ; show that they arc also 
e([Uidistant from the V’eitex. 

S. 8hovv that the fiiangle forme I by joining the mid.-’le points of 
sides of an equilateral triangle is alsA eepiilateral. 

U. ABC is an isosei'les triangle having AB equal to AC ; ?nd the 
angles^af B and C are bi-sected by BO and CD : show that 
(i) BO CO ; (n)'*AO bisects the ^lBAC. 

* I 

10. Show that the diagonals of a rhombus (that is, an equilateral 
four-sided figure) bisect one another at right angles. 

11. The equal sides BA, CA of an isosceles triangle BAC are pro- 

duced beyond (he vortex A to the pou/ls E and F, so that AE = AF ; add 
FB, EC are joined : show that FB - EC. ’■ 
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12. ' ABC IS an isosceles triangle, and in the base BC |)r(»duced X 
and Y are so takfii that BX CY. Join AX, 

AY and j^ov* J^hat * 

(i) the A* ABX, ACY are conj^ruent ; * 

(ii) the A AXY is isosceles. 


(iij the A AX Y IS isosceles. ^ i • , 

Now 'prove in three dilTerent \mi vs*( namet, by ^ 
leorems 10, 13) that the A^AOX, AE^ are X 


Theorems 

congruent. 



13 AB IS the dujiiuOc'r (d ti <ucle whosi* centre 
is 0. Ffom centre A Mith iin\ iinlms th(‘#*‘ir- 
cumference is cut (as in the Hgiin'j at C and D. 
Join OC, OD, AC, AD , and ])ro^e that 
(i)M)e /-\’'AOC,^OD aie congruent ; 

(w) the _B0C the ^BOD ; 

(m) if CD is j<»in(‘(l cutting AB at X, then the 
OXC, OXD aie congruent , 

(iv^ the _ BOC twice till' _BAC. |Theor. 7.) 



li. In the adj'^irung tigute it is given that 
.OP OQ, andOA OB. Join AQ,. PB, cutting 
at X ; Jnd prove that 

(i) the AOQ. ^OP are congruent ; 

(ii) the A/ AXP, BXQ are congruent. 

Join AB ;*an(l pro\e in three tray.H that the 
/^'ABQ, BAP arc congruent. 



IT). In the two quadrilaV'ials ABCD, 
PQRS it is given that tl» lout 
sides of one are equal to tlie four 
.Sides of the other, taken in ordA . 
namely AB “ PQ, BC " QR, irtc., and 
that the diagonal BD - the diagonal Q,S 
Prove that 




(i) the A* DAB, SPQ are congr^mt ; 

•(n) the. z"-.* Bt?0, QRS arc congniAit. [Thcor. 13 ) 


10. In the adjoining figure /(•is given that 
AP'-BtJ, and AQ BP; •id PQ is joined. 
Prove that ^ • 

• (i) the Ai” PAg, QBA are congruent ; 

(n) the A'PAQ, QBP are coffgruent. 

If AQ and BP intersect at O, show that the 
A* AOP, BOQ are congruent ; and hence t||at 
th% .A" OAB, OPQ are isofccles. • 
ftfove also that PQ w parallel to AB. 
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GEOIkfETRY, 


EXERCISES .ON CONGRUENCE OF TRIANGLES (cOfltimed). 

\7. 0 in point of a fttraight line AB which ciRn two parallels 

LM, XY at A ana B ;• anil ^“om O jMirpendiculars OP, OQ are drawn to 
LM anil XY. Show that thV A* AOP, BOQ are congruent ; hence that 
0 is oiiuidistant fnVn the paiillels.* 

If AQ ahil BP are joined, 4i'>w thafcthe A* AOQ, BOP an^ congruent. 

18. A slraighl line drawn between two parallola pnd terminated by 
them, iH hHeeted : show that any other strayi'ht line jiassing through 
the middle jioint and terminated by the parallels, is,al.so bi.sected at that 
jioint. \ 

1<). If through a point eiiuidisti^nt from two jiarallel straight lines, 
two straight lines are drawn' cutting the parallels, the portions nf the 
latter thus inlercejited are equal. *’ 

20. In a (.;ua(Milateral, ABCD, if AB AD, and BC DC: show that 
the diagonal AC bisects each of the anylo.s which it joins ; and that AC 
i.s perjiendicular to BD. 

21. If the bisector of the vortical angle A of a triangle ABC also 

bisects the base, the mangle is isoscele.s. ^ » 

jl/'t AE, the iiisector of ^ A, bisect the ba.sc of E. Produce to D, 
malvJiig ED equal to AE. .loin DC ) **«■ 

22. Oil the sides AB, BC of any ABC equiliteral PAB, QBC 
arc nl^awii outsule the '.ABC. Show that the .LPBC-|t^® 4-ABQ. 
Hence prove that the PBC, ABQ are eongnient. 

2!1. In a \ ABC, m which the _B is acute, BP is draw’U jierpendicular 
and equal to AB ; and BQ is dra^vn iK‘r])cndicular and equal to BC, 
both perpend iculais BP, BQ bemg'^draf-vn outwards from the triangle. 
Join PC and AQ. an^j prove that PC AQ. 

24. I wish to aseeitain tlu* distanee , bet ween two objects A and B ; 
but an obstacle intervenes jneventin^ direct meiwuremcnt. Having a 
chain for measuring lengths (but no instrument for measuring angles), 
1 ti\ a mark at some point O from which both A and B are visible and 
accessible ; and I mca''UteOA,OB.„ Slow must I now j^oeeed, by moans 
of congruent triangles, to tind the dwtancc between A and B 7 

2ri. A surveyor wishes to ascertaaHhe breadth of a river which he 
cannot uoss. Standing «t a point A near the bai)k, he notes an Object B 
immediately opposite on the other lank. He lays down p line AC of any 
^ngth at right angles to AB, fixing a mark at O the middle point of AC. 
From C he walks along a line pe^ndicu’ar to AC imtiliie reaches a point 
D from which O and B are seen in the same direction. He now measures 
CO : prove thft the result gives him the width of the river. 
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What is kno\^n as tho Ambiguous Case in .the congruence 
of trian|fles^oin(’tiin«‘s arises wlien two sidbs oifte angle^'f? 
one are equat respcctivehf to two sid^ aiJiU one angle of the 
othei', the given angles being ocrysiTK^o eq}ml sides. 

Tfiis may be explaimsl as • 



havmg DE equal to AB (or c). OF e(jual to AC (nr h), and 
equal to*_B. It will a}>|)ear that in this eoii''triM’tion ambiguity 
arises if b is less lhan <• 

For take a line EX of indefinite l<*ngth , and at E (with 
protractor) mak(*ilie lXEY equal to the ^B 

From E'i cut ofT ED equal to BA (or c). • 

With centre D and radius b draw an are cutting EX at F • 
and F'. 

Then if b is less thaac, the j^oints F. F' will be on the same 
side of E ; so that, by joiniiTg D to each of them, w<' ha\e the 
heo DEF and DEF' both satisiying the rei^uired (onditions, 
but not alike in size and sl^ipe. ^ 

Hence we conclude that if in two *ABC, DEF the two sides 
• DE, DF-the two sides AB, AC, also the _E- the lS, the 
tjiangles inay» or may not, be 4-»»ngru(‘nt .’for the shorter of 
thirsidef^ in the second triangle may ly* in either of the positions 
DF or DF'. '% 

• # • 

Note 1. It iisefuf to remcnib«‘i*that amhigmiy ncvp.r 
thd shorter of ike (^iven sides m oppo'iiU the given angle. ^ 

Note 2. From these data it^tiay lx- shown that the angles opjK>Hito 
to the equal sides AB, DE arc either egual. (as for instanee the ACB, 
DF'E) or supplementary (as the ACB, DF^ ; and that in tfie former 
ca^ the triangles are coni^yuent. ^ 

I^the given angles a\ B and E are right angles, the Smbiguity dis-# 

• appears. Thi.s exception is jirovedsin the following Theorem. 
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• GEOMETRY. 


Theorem 14. 

c 

If two triayigles hare sides of one equal to two sides of the 
other, each to ear'll, tfUhe tuujles opposite to one pair of fqml 
sides ar(*- right angles, tm triahfles are congrnoU. 



Lot ABC; DEF lu' two trian^Ios in w hich AB -- DE, and AC -- DF, 
and the _'ABC, DEF (()j)j)OHit(‘ to the c(jiuil sides AC, DF) 

right angles. 

It is teijiiDcd to prore that the , ."ABC, DEF (/re congruent. 

Proof. .\])ply the a ABC to Ihe A DEF, so that XB falls 
ou the equal line DE, and C on the side of DJf 0 })]iosite to F. 

^ Let C' he the point on which C falls. 

Then DEC' rcfiresents the ABC in its new position. 

Since the sum of the DEF, DEC' js two right angles, 

EF and EC' are in One straight line. 

And in the \C'DF, because DF~ DC' {i.e. AC), 

A file „ F tile l C'. Theor. 1 1 . 

Hence in the A* DEF, DEC', 

{ the 1 DEF the l DEC', being right angles ; ^ 

the L F - .the _ C', Proved. 

and the side DEis common ; 

n 

the A* DEF, DEC' are congruent ; Theor. 10. 
that is, the A* DEF, ABC are congruent. 


Q.E.D. 
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«REVISI(fN LESSON ON CONG RC ENT, TUI ^NOI^S. ^ 

1. In which of tile followmji^ ciiHeH an' tj^e '*4BCfI XYZ necessarily 
con)Ti-ucnt ? , 

IHTisfrate each case by a free-luiii^ sketch, and if»ihere is congruence 
state the Tho(irotu under which d*falls. I • 



(1) , 

,ab 

XY, 

_A 

-X, 

..b 

^ Y. 



('<) 

AB 

♦<Y, 

^A 

- Y, 

.-B 

_X. 



(111) 

AB 

XY, 


.-X. 


-Z 



(IV) 

AB 

xz. 

^A 

^X. 

^C 

-Z. 


. , Under 

what 

Theorems 

aie the 

■^ABC, PQR congruent m llic 

owing cases ? 

U1 list rate c 

.i( li ease 

h\ a 

figure • 




rAB 

PQ 

00 ( 

in , 


r AC 

PJR t) i) 

1 m , 

(0 

BC 

QR 

(• 0 * 

•m , 

(H) 

-^BC 

QR ffo 

cm . 


Lb 

-Q 

tM) . 



Lc 

^R !M)’. 


.• ABC a 

nd PQR are tw 

(> triaiudi's ni 

which 

AB PQ 

7-0 cm. ; 


AC -PR ■ > 5 cm. . and the B lh(‘ lQ, IH'. 

Show by a figure tliat ttu'se tnangles ijihn, ot may not, !«> congiuent ; 
and th.H m the case where th<T% is not congruence, the at C and R arc 
supplementary, • 

h In the A" A^C. PQR. AB PQ 2 r . AC PR 2 .r ; and the 
-B - the .lii, -8.7’, Pro\e by a ligure that the tiiangles aie cung|jjent ; 
and explain why amh\gniiy does not arise. 

5. AB is a straight line of unliinifi'd length, and P a point outside it. 
With centre P, and any sufficient radius, an aie is drawn cutting AB at 
X and Y. If PO is the iierjieiultcular from P on AB , ])rovc that 0 is the 
middle jioint of XY. (Theor. 14.] 

ff. If in two tnangle.s the sides are equal, each to each, then the 
corresponding angle.s are als7> ««qual this true ? Enunciate the 
Converse. Is the Converse true ? 


7. From which of the conditii^s given iM'hnv ina\ wo conclude that 
tlje triangles ABC, A'B'C' are congmient ? Point out where ambiguity 
arities ; and illustrate by a figun' iii each^cuse. 


■(i) 


(iv) 


1 

{ 


A-A'-7r. 

- a' -4 '2 ('in. 

B-B'-4(U. . 

fli) -{6 b' -2'4 cm. 

a ~ a' 3*7 cm. 

(c C' -8r. 

a~ a' -«3 0 cm. 

fB-B' 53". 

b~ b' ~ 5-2 cm. 

(v)*j b = 6' -4-3 cm. 

c~ c' =4 5 cm. 

( c r' 5-t}cni. 


TA A'-3r. 
(iii) {B B' 121. 
'C C» 2.3^ 

rC C' fK) .. 
(vi) -J c “ r' .3 cm. 
• I a - a' ~ 3 cm. 


8. Summarize the resultA of the above iflie-HUons by HUUing generally 
uhder U'hat conditions tuo triangl^ ^ 

^ (i) are necessarily congruent ; Jii) may or may not be congruent. * 
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GEOiiETRY. 


Theorem 15 . 


If one Hule (jrkivql^ is fjrratrr than another, inen the greater 
side has the greater* angtciopposite to it. 



lict. ABC.Jh' \\ in \vlii<-h tlu' sidr AC is grrator than 

the sk1(' AB. 

It is required (o proee that the ABC is ijreafer than the l ACB. 

From AC cut of[ AD ‘qurtl to AB. 

Join BD'., 

Proof. Because AB AD, 

* the .ABD - the lADB. 

But in the ,\BDC, the exterior ^AUB -thc sum of the 
interior opposite J DCB, DBC ;i ^ 

the _ADB is {greater than the lC. 
the ABD is jurcatcr than the lC ; 

More then is the \vliole _ B greater than tlie _C. 

Q.E.P. 

Alternative Proof. I/ot AP bishet the z_A and ‘ a ‘ 

meet BC nt P. « 

From AC cut otT AQ equal to AB,»And join PQ. 

Then tlir . BAP, QAP are congruent by 'fhet)r. 9 : 

80 thatfthe _B the ^ AQP, %> 

But the ext. l AQP is greater than the _C ; 
the _ B is greater than the <1 C. 
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$ 


Theorem 16 . 

*• . ■ » - 

If one anffle of a Irianqh is greater thof amQierfthen the greater 

angl^^ has the greater side opiiositejo it. • 


a ' * 



Lei ABC be a^rian^le. in wliieh t}n‘ ^ABC in f^reater than 
tlif^^ACB. ^ 

It IS re<pnred to prove that the sole AC is greater than the side AB. 

Pfoof. If AC is not [creator than AB. 

it nui^ be t'other e<jual to, or h‘S.s than AB. 

* 'Sow jf A^*were e(|nal to AB. 

then thcj^ABC would be equal to the _ACB; 
but, by hyj)othpsis, it is not. 

Afiain, if AC were le.ss tlian AB 
then the .1 ABC would be h'ss than tin- _ ACB ; Theor. 15. 
but, by hypothesis, it i.-i noL » 

That is, AC is neither e(jual t(j, nor less AB. 

AC is^reater than AB. Q.E.I). 


Alternative Proof. I><'1 BR l>e (Ir.iwn makiiijr the .iCBR ~ tho .lC. 
Then BR must fall viithin thf‘ iJCBA, incetmj; AC 
AR; . • • A 

amlBR RC hy Theor. 1 2. , 

the BRA, *• 

BR r RA IS gl%ater than AB; 

• RC i RA w greater thali AB ; 

thatiis, AC is greater than AB B C» 
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GEOMETRY. 


Theorem 17. 



tlu' given Rt might hnc AB from tfu* point 0 ontsidc it. 

It Is mjidrcd to yrovv llmt OC is less thun OF^. 

Proof. In the .\OCP, since the'i OCP is a right ungfo, 

the ^OPC is le.ss than a rigid angle ;• Tlicor. 7, Cor. 3. 
thaUis, the _OPC is less than the lOCP. 

OC is le.ss than OP. Theor. 10. 

Q.E.D. 

Note. Hence convct'scly, if OC is the shortest line from 0 to AB, 
thcuOC IS peris'iuiutihii to AB. * 


EXERCISES ON INEQU.tUTlES IN A TRIANGLE. 

1. The hypotenuse is the greatest s^e of a right-angled triangle. 

2. ^e greatest side of any triapgle makes acute angles with each of 
the other sides. 

3. In the above figure : ^ '• 

(i) If two oblu|uc8 OP, OQ drawn to AB from 0, make equal angles 
with the perjieiiiiu’ulnr OC^ they are equal. 

(ii) Of two obliques 00, OR, the le?j is that which makes the sraalbr 

rngle with the ^q>cndioular. v 
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eA:rcises on inequalities jn a TR1AN«LE, 

• 

4. fVi the triangle ABC, if a 3 (> cm , h 2'S cm., r 3 (3 cm., arrange 
the angles m (irdeq»of their sizes (before meuKureny'nt)^ ami prove 

the triangfe isiicule-angleil. ^ <»• '* 

• • ♦ 

5. In (he triangle ABC. if f . • 

(i) ‘.A*, ami B oT, timl the tfcird angle, and.narne (he greatest 

side. , * I • 

(ii) A B .()2,r', find the third angle, and airnnge (he snh's m order 
of their lengths • 

• 

(3. If from the end^ of a side of a triangle, two straight lines are drawn 
to a poinb within the triangle, then these straigHt hnes are together less 
than the other two sides of the triangle. 

• . 

7. BC, the base of an isusceles (nangre ABC, is piodueed to any 
[loint D ; slum that*AD is gieatei than cither of the eijiial suh^s, 

H. If 111 a (|uadi ilater.il the giealcNl and lea''( sides an^oppositc to 
.one nnothoi, then ciu h of the angles adjaient to (he l<Mst side is greater 
than its oppositi* angle 

D. In the triangle ABC, if AC is not greater than AB. show that any 
straight line dra\Mi*lhrouj*|i the \eitc.x A and terminated h,\ the base 
BC, i.H Ic^s than AB. , 

• 

10 ABC IS a triangle, in which OB. OC hise« t (he angles ABC, ACB 
respcetivelv : show tliat, if AB is greater than AC, (hen OB is greater 
thanOC. • « 

11. The ditfcrcnce of any two side.s ol a triangle is Icnh than the third 
side. 

12. The sum of the distanee» of liny {><»inl from the three angular 
points of a triangle is gnsater than half its perimeter^ 

13. The ix'rirneter of a quadrilateral i^nater than the sum of its 

diagonals. ’ 

. 14. ABC IS a triangle, and the hiseetor of (he angle BAC meets BC 
in X ; show that BA is greater tluinCX, and CA greater than CX. 

•v • * 

lOr Th6 sum of the di.stanees of anv yomt wiihin a triangle from 
its angular pomt.s is less than tlie»yenme(er of the tiinngle. 

16. The sum of the diago^Rals of a quadnluteral is less than ti5%sum 
«>f the four straight lines drawn from* the angular points to any given 
point. Prove thi^ and point out the exceptional case. » 
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RAL(.f.L0r,RAM8. 


DKKfxrnoxs 


1. A quadrilateral is a j^lano figuro boandod 
by four straight lines. 

The Htraigln. line whuh jojim ojposile anf'uliir points 
in a ((uadrilateral ih mitrd a diagonal. 

It has brcn shown ('I'lu'oivm 7, p. rM) that the sum 
of the fourjan>'lv'S of a <piiulrilateral - 4 ri^ht un>.(los. 



2. A parallelogram is a qtuidrilat«Tai 
whose opposite sidt's are yaKillrl. 

fit will bo piovod hereafter that thi' (!])posite 
skIos of a parallelogram are e<{ua!, that its 
op}V)8ite angles are «h|uuI f 

3 . A rectangle is a ]>arulIelogrant which p 
has one of its angles a right angle. 

[It will be })roved hereafter t|uit all the angles of 
a rectangle are right angles. See png\ 83. ) 

i 4 

4. A square is a rectangle ^ which haa two 
adjacent sides equal. 

[It will he proved that all the sides t>f a square are 
equal and all its angles right ang’e.s. ISee jwgo 83 ] , 



5. . A rhombus is a four-sided figure 
whitfh has all its sides equal* but ils angles 
are not right angles. 



6. A trapezium i» a quadrilateral w hich has 
, one pair of^^parallel sides. *' *' 
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Theorem 18. 

• . * * 

The (yp'pos^if angles of a jxtralklogram are equ(jf. 



Lot ABCD bo a parall(*lo^ru|^i in wLidi the l" A and C are 
Of)])Offlte, also tho^L'* B and D. 

2v jnOrc (hat (he (hr and the l B = fhi^L D, 

Proof. Because AD, BC are jiarallel. and AB 11*0018 tJioin, 
the sum of the interior A and B - 2 light angles. 

And because AB, DC are parallel, and BC meets them, 
tlie sum the4nt(‘rior B and C -2 iiglit angles, 
the iL A -f the^ B th«' B ■( the ^ C, 

, the ^A --the :.C. 

Similarly^ the B the D. 

Conversely. Jf the opposite angles of a (puulnlalcral are * 
equal, it is a paralMoqram. 

In the quadrilateral ABQp l^-t the 4 _A-tlie *_C, and the 
^B = the iD. 

% • 

To prove that ABCD is a ynrallehxpam. 

Proof. Because the A =- the ^ C, and tlie D the l B, 
the lA + the l. D “tin- lC-\ thr _ B. 

*But the sum of all the int<‘ritr angh‘.s of* any (juadrilateral 
= 4* right angles ; , Theor.l. 

, the LA + the L &=one.half of 4 right angles 
• -fright angles. V 

.Now the ,L* A and D are the interior angles formed by AD^ 
meeting the lint's AB, DC ; * 

AB and DC are parallel. * Theor. 4. 
Similarly, AD and BC are patallel. 

* the figure ABc5 is a parallelogram* q.e.d. , 
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Tiihorkm 19. 

opf^site siJ!es of a parallelogram are equal, tind each 
(I iagoiml bisects 'ihetpiraVelogram . 



L(‘t ABCD b(* a ]>arall(‘lpgrarjv of which BD is a diapjonal. 

To prove that (i) AB -CD, and AD ---CB ; 

, (ii) the : ABD - ///<’ .\CDB in area. 

Proof. Th'caust‘ AB aiul DC arc paiallcl, aiul BD meets them, 
the L. ABD the alternate l CDB. 

Again, hecaUH(‘ AD and BC arc parallel, and BD meets tnem, 


thcLADB the alternate lCBD. 

H(‘nee m the A" ABD. CDB. 

I the z. ABD -tlTe^CDB. 

hecause th<‘ _ ADB = the l CBD. Proved. 

\ and BD i.s common to hoth ; 
the triangles are congruent ; Theor. 10. 

so that AB -CD, and AD - CB ; (i) 

and the '.ABD ^'IIrv CJDB in area (ii) 

Q.E.D. 


Conversely. If the opposite sides of a (ptadrilateral are equal, 
it IS a paralhlogram. 

In the quadrilateral ABCD let AB- CD, and AD=CB. 

To prove that ABCD is a qxir^Keloijram. 

Proof. In the a" ABD, CDB, 

fAB^CD, and AD=CB, 
f 3e(a ist comiiion to both ; 

the triangles are congruent ; Theor. 13. 
so that the l ABD - the z. CDB. 

And since these are alternate angles, AB and CD are parallel. 
Similarly, AD, BC me.y be proved parallel, 

ABCD is a parallelogram. • q.e.d. 
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Theorem 20 



Lot ABCD bo a paiailologram of wjiich the duifional.s AC. BD 
intor'soct at 0. ^ 

To jirove that AO -OC, and BO -OD. • ^ 

Proof. ]b‘(‘aiiso AB and DC aro ])arallol. and AC iiK'ots thoin, 
• tlu' »CAB-(fn* altornato _ ACD. 

• lioiyointlio "AOB. COD, 

• r tlic I. OAB ^tJio ahornat.' l OCD. 
because | th(‘ ^AOB vortnally opposito ^.COD, 

[an^ AB ^^tho o|)p().sit<‘ .side CD ; 

* tlio trianj'los an* oon^nnnit ; 

so that AO OC. and BO OD. 

Conversely. If the daKjynah <f a (inadnlatrial bisect one 
another, >l is a paralleloifram. ^ 

In the quadrilateral ABCD lA, the diagonals AC, BD bLoet 
one another at O. •* 

To prove that ABCD is a paralhdo^jrnm. 

• , 

*.ProoL • In the A* /fOB, COD, 

1 /OA = OC, and OB = OD, by hvpothosi«, 

ec^use ^^B=^*tho vertically opj)08ito lQOD ; 

. the trianfiles hro cont^riiont ; * 

• so that the^„OAB = the lOCD * 

And since these are alternate angles, AB and CD are parallel. 
Similarly, it may be shown^that ^^D and BC are parallel. 
^ ABCD is a parallelogram. * q.e.d. • 

a.sh.o, y 



( ^ 

OEOMETKY. 




Theorem 21 . 


If a pair of opfm'ifp ^ulcs of a (juadrilateral are equal and 
paralUi, U is a pandtdixjmm. 

^ ' B 



Ii»'t ABCD Im' a (^uadiilatrral in which AB ia equal and parallel 
to the o)»poi;it(‘ l^ide CD. 

To prove that ABCD is a ixirath hxfi-am. 

.loin BD. 

Proof, Ih'cause AB, DC are parallel, and BD ini'ets them, 
the L ABD --the, alternate _ CDB. 

Now in the : ABD. CDB, 

( AB-CD, Given. 

beeatiae and BD i.s conunon to both, 

[and the z,,ABD - the _ CDB ; Proved. 
the triangles are congruent ; 
so that the LADB-t^ie ^CBD. 

But the.se ar«‘ alternate angles ; 

AD and BC are parallel. 

And AB and DC are parallel by hypothesis ; 

ABCD is a par,allelogram. 

' Q-TI.D, 
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• TIrj’ following inferences from Theorems 18, li) should be 
noted. ^ • , 

1 . If one anqk of a 'parallelogram ri^JiJ aflgU\ all its angles 

are right angles. • 

Thkt is, all the angles of a reeJanghyire riglft angles^ 

F(ir t.ho sum of tno coiim'c\itive .L" 2 it. ; {Thcor. Ct.) 

, if one of tljt'se is a rt anulo, tlu* otiu r must 1 h' a rt. anj^U'. 

Ami thp opfinHito aiit'li'H of tho par"' are f((ual ; 

• all tlu‘ ani^los are rt a^ifjlo.s. 

2. All the sides of a square are equal : ami all its angles are 

right angles. * • 

EXERCISES ().\ r.\lULI.ELU(mf\MS» 

1. (i) The diagonals of a ihnmhuH hweet one another at n^rht atifzles. 

« (ii) Conversely, if the diamnials of a ({uadiilateral bisect one another 

at right angles, it is a rhombus. 

2. (i) The diaJtonals«>f a rectangle ate eipial. 

( .'onvemely, if the diagonals of a parallelogram are eijual, it is 
a rectangle • 

3. If a pair of^ipposite angles of a parallelogram are bisia-ted by a 

iliagonal, i^ is a rhombii.s. ^ 

4. If the diagonals of a parallelogram are eijual and bisect one aiio1he% 
at right angles, it w a s<|uarc. 

5. Anv straight line drawn thauigh the mnldle point of a diagonal 

of rt parallelogram and termimfted by a pair of opposite sides, is bisected 
at that point. ^ ^ 

6. In a parallo|ogiam tly [STpemlicuIars drawn from one pair of 
opposite angle.s to the diagonal which j'tirts the other pair arc equal. 

7. A straight line PQ meets two paralhd** AB, CD at P and Q, and 
PQ is bisected at X. Through any line MN h drawn to meet the 

•parallels at M«and N. Show that and QN afe rMpial. 

8. If ABCD IS a parallelogiam, and X, Y resis'ctively the mid<lle 

pointy of the sides AD, BC ; %how that the figure AYCX is a paral- 
lelogram. • • 

• • ^ 

■ 9. Show that in any parallelogram ABCD the bisectors of the opposite 
angles B ami 9 are parallel, if AB, BC are unequal. • 

How would the bisecUirs of the B and D be related if AB, BC were 
equal ? 

At what angle would the biseelors of the conseruluk. angles A and B 
^eet ? Give your reastn, and ahow that it would be tlie same angle for 
^ parallelograms. • • 
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EXERCISES ON PARALLELOGRAMS {contpllied). 

1?). In tho4liaj^;^)ni»l AC of tiu* [mrallologram ABCD t\W) points X, Y 
nro takon so that AX' CY ;* and XB, YB, XD, YD aie joined. Show 
that XBYD h a paralk‘Io^^raIn. ^ 

11. If in tlic .Hidt'.H of a pa(-alli“lo;^ra'm ABCD four points P, Q, R, S 

are tak('n m order, one in each ‘tide, so that AP BQ, CR DS, jn’ove 
that the (i^ure PQRS is a j)iuall»>loj,oam. , 

12. A is th(i veite\ of an iso.Kci'h's ABC. and BA is firoiiueed to 
any point D. CX h diawn parallel to BA to meet the bisector of the 
evteiior ^ DAC at X. Show {hat. AffCX i.s a paralleloj'ram. 

i;i. 'I'lu' diagonals of a reetanole duide the figure into two 0(mgnient 
tiianj^les : is he Mia^zonal. theiefoie, an a\is of .s\mm»'trv? xVb<ait 
what twi> line.s is a leetaiiftle s\mm<‘tiieal ? [See Def. p. (M.j 

It Is theie nn\ a\i.s alxnit which <111 oblique pniallelo^ratn i.s sym- 
inetiical ? (Ji\c lea.sons for your answer. 

l.'i In a qiiadiilateral ABCD. AB AC^ and CB CD; but tb(' sides 
are not all eipial. Wliieli of the diagonals (if either) is an axis of 
symmetry ? 

« 

, Id. Two quadnlateials ABCD, EFGH have the sides AB. BC. CD. DA 
eiiual iespo('ti\el\ to the sides EF. FG. GH. HE. and have also the 
angle BAD ei[ual to the angle FEH. Show that the figures are congruent. 

e 

17. Using the result of Theorem 20, sJiow how a straight line of given 
length may lxi biseete'd by means of a set square const ruction. 

IvS. Two straight lines AB, BC meet at B. In AB fake any point X, 
and suppose XY is drawn perpendicular to AB meeting BC at Y. Draw' 
Y2 pi'r[)endicular to )^Y and equal tt» BY. Show that if BZ is joined 
it bi.sects the _ ABC. “ 

19. Two bars AP. BQ are jiivoted at fixed point.s A and -B- A 
straight uile PQ i.s pivoted to the bars at P nAd Q, the distances between 
the pivi^ds A, P and B, Q being equal, and PQ being equal to AB. Show 
that in all positions t>f the svstem the rule PQ is parallel to AB ; and 
triat the bars AP, BQ rotate through equal angles. 

20. ABC ana DEF an* two triangles such that AB, BC are respee- 
tivelv eipial to and parallel to DE, EF ; shotv that AC is equal and 
parallel to DF. t 
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• • 

21. * ABCD 18 a qiiadrilatf^ral in ^^hu•h AB ih piinillcl to DC, and AD 
equal bi^t not pafallel to BC ; show that , 

(i) llie .iC ISO’ tile _B i the ^ D ; 

(n) the diagonal AC -the diagonal BD ? • • 

(VOythe quadrilateral h f,ymnifti^ail ab«»ut tlte straight line joining 
the middle points of AB and DC^ ' ^ * • 

22. AP, BQ aje .stiaight roils of equal length, turning at equal rates 
(both eloekwise) about ^wo fixed juvots A and B respect ivelv. H the 
lods stall jiarallel J;>ut pointing in oppositi- seiiM-s, show that 

(i) t}ft\v will always be paialhd ; (ii) the l#ie joining PQ will alw'n\H 
pass through a ei'rtuin fixed point 


{Mtsrdlouioihs Qins(nni.s onA H n 

23. State the jiropeities of a triangle lelatirig to 

(i) the sum <jf its intmior angles . (n) tlie Mini "t its exteiior angles. 

Wliat proyieity eortesjionds to (i) in a jM.lvgoii of u sidi'S 1 With 
what other ligUK'n does tnangle share the projieit) (u) V 

24. *ral<'ulate tlw' anir les triangle ABC. ha\nig gnen ; 

. int. - A i of ext ^A; dB fC 

2r). A >^0111 sailing due Fai.st dianges hei eouise su< eesai\el\ rf)_v tid ", 
by 78'^, by 110 , and b\ (if , with a \iew tt» sailing rouml an island^ 
W’hat further change must be niadi* to s< t her ome riioie on an Easterly 
i-ouise ? 

20. If the sum of the mti-rioi angles of a Mctilincal liguie is eipial 
to the sum of the exterior angles, l%»w man\ side* has il, and wh> 'I 

27. Draw’, using your j?rotia< tor, •ttny li\e suh'd figure ABCDE, 
in whieli 

^B-iKF, _c ii.v, ^D t>:r, _E ir>2'. 

, Verify by afConstruction withfi^er ami eompisHeH that AE is parallel 

BC, and account theoretically for this fact, 

. 28* A and B are two fixed*j)omt«, and two straight lines AP. BQ, 
unlimited towards P and are piv<*t<*d at A ami B. AP, staWirig from 
fhe direction’AB. turns about A cffs'kwise at the uniform rate of a 
' second ; and starting simultdiieou.sly from the diioction BA, tuyiH 
about B counter-clockwist^ at*fhe rate of dj'" a sectmd. 

(i) How many seconds will elaji.Hc before AP aifd BQ are parallel ? 

(il) Find graphically and hy calculatu^ the angle* between AP and 
BQ twelve seconds front the start. 

• (iii) At what rate does this an^^e decrease T 
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, Theorem 22. 

The siraiffk line drlavmthrow/h the middle 'point of one side of 
a triangle parallel to<inother side^ bisects the third side. 



«i 

In tlH3 \ABC, let Z be the inuldlo jioint of the side AB, and 
let ZY be drawn paralh'l to BC to inert AC in Y. 

To prove that AY - YC. 

Proof. Su])))os(3 YX k) l)e drawn parallel to AB, n^'^eting 
BC at X, 

Then BXYZ i.s a parallelogranv. 

* XY -the oppo.site .side BZ 

' - ZA. 

Now beeause AC eiit.s, tin* parallels XY, BA, 

/. tlu' .1 XYC -- the (‘orre’sponding l BAC. 

Also because AC eut.s'tlu' jiarallols ZY, BC, 

/. tiie L AYZ -the eorresponding _ ACB. 

Hence in the a’ XYC, ZAY, 

[ the L XYC - the z. ZAY; 
because j and the i YCX = the - AYZ 
I and XY = ZA, 

u 

the trlangle.'i are congruent ; 

aothatAY = YC r q.e.d. 


Given. 


Proved. 

Pwved. 


[For Exercises on Theorems 22, 23, see pp. 90, 91.] 
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^ • Theorem 23 . , 

The strai^t line joinifu) the m}ddl(^ 9f tiro sides of a 
triqngle is jKirallel to the third side, and etjiigl to half of U. 


T 

7 

• B • C 

• 

‘Tn tli(' A ABC, l<‘t Z aivl Y ht* tln' iniddlc of iho widi'S 

AB, AC. • 

To prov’ thdt ZY is pOKilhi U> BC, ond r(in<il to holf <f it. 
i^uppOHo ZY ]iroduct‘d to T. and YT made o<j\iaI to ZY 
• « .foil! CT, 

Prdbf. In Uif' 'CYT. AYZ, 

I CY AY. Given. 

bccjyiso and YT- YZ 1)\ (-oust ruction, 

I and Iho lCYT tlic vcrticallv oj)positc _^YZ, 
tlic tnan^'lcs arc ( on^oiicnt ; 

.*. AZ 

* - BZ, Giveji. 

andtho^Y^T ihc^YAC. 

But those angles arc al^TiiaO- a;iglos made by AC meeting 
CT, AB ; 

CT IS parallel to AB. 

‘Hence CT, BZ afo«paralle! amJ equal ; 
so that BCTZ IS a pjkrallelogratn : 

• .*.• ZT and BC are jj^rallM and equal ; that is, ZY is parallel 
to BC. ^ • • 

But ZY is jialf of ZT : ZY is half of BC. q.e.d.. 

Note. This 'fhoorpm miy/lt be derived from Theorem 22. Thiw : 

If through Z a jiarallel were drawai to BC. it would bmect AC fTh. 22) ,* 
that ifl, it would pass throujih Y. Hence^he line joiiring Z and Y, and 
4he line through Z parallel to B®, arc one and the same. 

That is, ZY^is parallel to BC. * 




m 


GEOMETRY. 


j Theorem 24 . 

If three or mdre yq^ all^ straight lines make equal intercepts on 
any transversal, the^ make equal intercepts on any other trans- 
versal. ^ • * 



Lot the jnrartols AB. CD, EF tnak(‘ oqnal intercepts PQ, QR 
on th(' transversal PQR ; and hd XY, Y7 In* tli ' eorre.sponding 
intercepts made on any ollu'r transversal XYZ. 

To piore that Xy ^ 

'Dirougii Y l('t TYS b<‘ drawn ju\rallcl to PR and (fatting 
AB, EF at T and S. 

Pr(fof. Sinc(' AB, CD, EF are paralh'l, and also PP, TS, 

« the figures PY and QS are parallelograms. 

TY-PQ, and YS-QR. 

But PQ QR, f»'y hypothesis, 
t T^-YS. 

Now in the ^’XYT, ZYS, , 

[ the ^XTY - the alternate L ZSY. 
because and the i.XYT - the vertically opposite l ZYS, 

[ andTY^YO.' 

the triaKgh'S are congruent ; 

so that XYLyZ^ Q.b<d. 

‘Conversely, if AB. EF are parallel, and Q. Y are the r iddle points of 
the intercepts PR, XZ, show that QY is parallel to AB and EF. 

[For TY- YS, from the conpruent A* XTY, ZSY. Also TS = PR, 
from the par“' PS. Hence the halves of these are equal, that is, 
YS = QR. Since YS, QR are oi^ual anJ parallel, the flg. QS is a par“»v 
M that QY is paB to RS.] « 
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Corollary. In a triangle, ABC, if a set of lines Pp, Qq, Rr, . . . , 
drawn pogallel tc»one side BC, di^jiae anothvrtside AB jn/o equal 
^xirts, they alU divide the third side AC yitojiquaUpaiAs. * 


A 



The lengths (if tli(' paralh'ls Pp, Q7, Rr, , may tHua V expreaacd 
. in terrna of the base BC. 

(’onaider the tigure in which AB n divi(h*(l into four eijual parts. 
Throuizh p, 7, and r let pi, 72. rll he diaxui {lai’ to AB 
'Phen. In 'I'heorem 24. Uu'se pat'" divide BC into four ecpial parte, of 
aviiich P/4 evidently contains ou<;,^Q7 tu'o, and Rr three 
In other Mords, • 

Pp : ‘ BC; Q.q-\ BC; Rr BC. 

Similarly if the given par'* divide AB into » c(pial parts, 

Pp-|^ BC, Q7 BC, Rr BC, and so on. 

• * 

Problem 6, p. lOf), ^ould now h%wovhui, 

[For E.vereiics. h<*c pj^ 00, 01.) 

^ DEFllfl-JlON. • 

if from the oxtremitie.s of a ptraiglit lino AB perpendiculars 
AX,, B'^ are drawn to a .straight lino PQ of indefinite length, 
then XY is said to be th ^orthogonal projection of AB ort^PQ. 


B 
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EXERCISES ON PARALLELS AND PARALLELOGRAMS 

t 

' 1. (i) r'rovo Theorem 24 by joining PZ and 

applying TheoA'm ,2^^ in (lurn to the A'PRZ, 

ZPX. 

(li) Pr;<)vo Tho(from 24 by tirawing XM Biid 
YN parallel to PR to Q,Y anM RZ at M 
and N, and proving the A* XMY, YNZ are 
congruent. 

2. In a ABC a noint P is taken in AB Bt> that AP “ 'AB, and 
through P a parallel PM is draun to BC. Prove that 
(1) AM ‘AC^ (Hi PM 

li. Show that the three straight lines which join the middle points of . 
the sides of a triangle, divide it into four congruent triangles. 

4. Fioin th(' lesull of the last Kxereise show how a triangle may bo- 
drawn with fiet .squairs, if the poHitions of the middle points of the three 
.sides are known. 

f). Any straight line drawn from the vertex of a triangle to the base 
is bisected by the straight line which jpins the middle points of, the other 
sides of the triangle. 

6. ABCD IS a parallelogram, and X, Y are the middle ])oint.s of the 
o])iki>,site Bido.s AD, BC : show that BX and DY trisect th. diagonal AC. 

7. If the middle points of adjacent sides of any quadrilateral are 
joined, the figure thus formed is a parallelogram. 

5. Show’ that the .straight lihc.s ^hich join the middle points of 
opposite Hides of a qiiailrilatoral, bisect one another. 

1>. AB 13 a given straight line' bisec*cd at 0 ; and AX, BY are per- 
jiendieukirs drawn to any Auer straight line. Prove that OX -OY. 

10. From two points A and B, and from O the mid -point between 
them, juTpiMuliculars AP, BQ, OX i.re drawn to a straight lino CD ; 

(i) if A and B are on the Mine side of CD, prove that 

OX-=;(AP^ BQ); 

(ii) if A and B are in opposite sides of CD, pro\e that 

OX-,(AP^BQ). 

[The symbol ~ is useil for “ the difference between.!’] 

11. In the figure of Ex, 1, PX. QY, RZ being given parallel, and 
Q being the niid-p<iint of PR, prove that 

QY=?(RX-tRZ)i 

QY is aaid\o be the Arithmetic Mean between PX and RZ. 




EXERCISES ON PARALLELS, 91 

t • 

12, fn the trapezium ABCD, AB aiul DC are Iho parallel sides, 
and X, Y t^e mul-f*intH <d the oblique sides. Pro^e thot 

*• (i) XY is parallel to AB, op. - • 

(II) XY .;(AB + DC). 

• • * • 

i;i. If X and are the imd-poiniH of AD.BC, the oblique sifles of the 
trapezium ABCD, show that XY bisects botlrdmf»oimls AC and BD. 

• 

14. OX and OY are tRo straight lines, and uloni: OX five jioints 
1. 2, 4, 0 arc marked at equal distances 'riiroujih these pointa 

jiurallels afe drawn in any direction to meet O'^ .Measure the lenj/ths 
of these |,')irnllels ; take their aveia^e, and coin[mie it with the Icnjith 
of the (hinl paiallcl. l*ro\e gcotm^irnUtj 4 hat the II"' jiaiailcl is the 
nu'an ot all live. • 

State the eotri'spoiuiing theoiem for any mid nuniber (2» fl) of 
parallels .so di.uvn • 

l.'i. Kioni the angular jioints of a jiaralleloj/ram per|>endicuhuH are 
draAn*to any straight line which is outside the paiallcloyiain ; show 
that the sum of (he petpmidK ulars drawn fioni one pair of opposite 
anules is equal to th^ sum^il those drawn from the other pan. 

I Draw' fhe diaj'onahs, and froii* their point of inteiHci lion suppose a 
perfiemliculiir diawn to the {jjuen stiai^ht line j 

I(> The sqm of the perpendiculars di.iwn from anv point in^the 
bas(> of an isof,i'cles trian;'lc to the equal sidch is equal to the perpen- 
dicular drawn from eithei t‘\ticmity of tlic h.ise to the ojipositi* side. 

[It follows that the sum of the ilistanei^s of ong point in the base of 
an isosceles tiiangle fiuin the equal t-^dcs is constant, that is, the Hame 
whatever point in the base is Uik<*n ) 

How would this property be modil%‘<l if the point wer(‘ taken 

in the base produced ? 

• » 

17. The sum of the |)erjMMidicuiai-K diawn from an\ point within 
an equilateral triangle to the thiw sides i*, equal to the perpendicular 
drawn from any one of the anfrulai#poin(.H to tlie <^pp<.M((' side, and is 
the^fore eynstaid. 

• 

18. Equal and parallel lines bave equal projections on any other 

straight fine. t • 
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GEOMETRY. 


Medians of a Tuiangie. 

i^EKiNiAoN* lino joining a vertex of a triangle 

to the iiialdle point of tin* opposite side is railed a medi^. 

The hf a trinuffle meet at a fmnl lehirlt ?.s n'lmnt of 

tnsrdion of each mediaui 


A 



K 


(n the \ABC, let BY .md CZ he medians cutting at 0. 

Joni AO, and priKtiiee if to meet B0> at X* 

To pi ore (hat AX is the tlnnl noU an. 

d’hrough C draw CK par' to BY, to meet AX jiroiiiieed at K ; 
joitvBK, 

Proof, fn tile AKC, hecause AY YC, and YO is par' 
to CK, 

AO VDK. Theor. 22. 

.Vgain. in the ^ABK, hcea.-.se A2 ZB. and AO - OK, 

70 IS par'‘Vo BK ; Theor. 23. 

that is, OC IS par’ to BK. 

/, the figure PKCO is a par"’ 

.Vnd since the diagonals BC. OK bisect one anoHn*r, 

X IS the niidihe point of BC. 

Tha^ IS. AX is the third median ; sb that the three medians 
meet at 0. 

Also, since AO - OK, and OX one-half of OK, 

OX = one-half of AO = one-third of AX. 

Definition. The iwint of wterseciion of the mediant is 
calletl the centroid of the triaugle. ^ 



EXfcfkClSES ON THE MEDIANS OF A TRIANO^E. 

» « 

FAEIU’I.SKS ON THE MEDUNS OF A TU1ANT5LE. 

• • • 

1 lu tlu' , f^C. tiu' nutliaii AX luMMts BC 
.uul IN ))i ' kIiu'ihI to P, HO tliat XP AX /toil • 

BP. CP , Hml prove that ABPC m « |mriillelo- , 
triani • • * 

2 In the aSC, show that the sum o^the B 
sides AB, AC is greatir than twice the median AX. 

• 

Prove that the^Tperiraeter of a triangle is 
greater than the sum of the medians, i \i>pl> 

K\ 2 to pair of in turn | 

1 Censtruct a ABC, having gi^en the ‘lengths of AB, AC and the 
median AX • 

ill.'rc ihV pinMoni f-. phor AB. AX. AC n-- that X. C aic in a 
Htiiiighi line, -imi X h the innl p-’int <d BC • 

('oinkI.t tlH> lie of Kx I. and l>«‘i.'in h\ -■■i iiiKtim.' lln- ABP | 



Tin* followinii ('xaiiijileN jilmuM be uotketl out m full. 


h ABC IN .1 , ahd X. V, Z the lni<! p..inl- -.f 

Its sidr-s ,Y0, ZO are peif. 0. Ap. AB. meding 
at 0. doinOX. foo/ prnii OX /♦rp to BC 
doinOA.OB.OC. 

Prove 

(1) the ' AZO. BZO < oni'iiient { rh<--i U) 

(ii) the ‘AYO. CYO «onpinent ('llie .i <ij 
Deduce OA OB OC 



(111) the . -OXB.OXC • •.ni’nng.t (f’heoi i:{) 

Dednee ^OXB -OXC a rich* atdh 
HeneeOX is perp to BC . and tU>! three perpeilHicular bweetors of 
the sides meet atO. which U equidistant fro^ A, B, C 

<). ABC tsa . and BO. CO htn.-d tln-^'B and C mcsiin.' at 0. 

Join AO. <0)4 }»oi‘( thnt AO thi _ A 
kVom 0 dra\i OP, OQ, OR perp t* ftC, CA. AB * 

Pro\e 

(i) the * OPB. ORB < oruirue*^ (Theor lU) 

(n) tifo « OPC, OQC ^i^mtrnienl (Theoi !<•) 

Dc^diueOP OQ OR • 

(ill) the • OQA, ORA eonurueni (Theor. Hi 
DecAee ^OAQ ^AR. 

Hence OA bisects the ^ A , and the three angular Wsecters meet at 0, 
which is equidistant from BC, CA. AB. * 

ifoTF. Two or more straight lltiea which ni<H‘t in a mimt are aaid 
to concurrent. • 
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GEOMETRY. 


Diagonal kStales.- 

• 

* VVp h(‘n' c‘.\nlain a.s an important application. of Theorem 24, 
tfu' coriMtriiction t)n)ia"onal Scales. Tln'ir use is to make linear 
measurements of j^reuter ;ir'cunicv tlian is possihle with a 
^raduat^Ml ruler. 4'he s< ale . now dcM'iihed is d Decinidl 
Didf/onul Srdlc to shnic Inches, Tenths, nnd Hundredths. 

\ straight line AB in (iivjiled (fioni A) info iic In**?, and fhc points of 
divHion marked 0, 1. 2. . . 'I’lie primarv <li\ isioh OA h subdivided into 
U'utk’i, iho'ie seeondntv iloHionH being numbered (from 0) 1 , 2 , 3 > ... 9 . 
Wo may now read on AB utrhfi and kiUhs of an inch. 



fn order to read hundredth^*, ten lines are taken at any eipial intervals 
parallel to AB . and peipeiidieiilars are dtawn through 0, 1. 2 

The primary (or ineh) division corresponding to OA on the tenth 
jmrallel is now subdiMded into Un e<;,ual parts, and diagonal hnCB arc 
drawn, as in the diagiam, 

joining 0 to'lhe/r.s/ |S)ml'of 9ubdi\i.sion on the parallel, 

„ 1 to the .Hi'totld „ «. ., ,, 

„ 3 t(t (he third '' „ 

and so on. 

The .scale us nov eoinplete. i^nr.* its usai is showq in the following 
example. 


1 

Kjti»MPi,E. To take frojr the ifcale a Ungt'h of 2 47 inches 

(i) riaec one {mint of the div.dera at 2 in AB, and extend them till 
the other point rcaelu's 4 in the .subdivided inch OA. We have now 
2‘4 inche.s in the dividers. 

(ii) To get the remaining 7 hundredths, move the right-hand imint 

up the perjic'ndu'ular through 2 till it reaches the 7**’ parallel, ^en 
extend tn© dividers till tii© left fMiifct reachm the diagonal 4 also oadhe 
7** parallel. *Wc have now 2’47 inches in the dividers. ^ 



DIAGONAL 8CAI.KS. 


REASON I'OR THE ABOVE PKOCESS, 

• • 

TIh’ firsi no (‘\(»lnnation. The roanon of 

tfir 011(1 is found Ml (lu‘ ('oro|liir\ of Th(*oiliii '■*$ • 
.loiiyriji tlu* poMit 4 to the (•on«“']H^uliii(' point •on 
till' (oiitl* jiainllel, ■««' have a tiian^le 4,4,6, of wliieft 
oiu' M(1 l- 4,4 i'' (lis^ded into ten e(jul!l pmlH 1| a M-t of 
lines paiiiMel to tin' l^ilse 4.6 

Tlieiefore the lengths <d the patalleD hetueen 4.4 
and the diauoiial 4,6W»ie . of ilie h.iM-, 

wIjk li IS •rineh. * 

ifeiue these lenuths are ri'spedniK' 

• '01, til!. OS. of 1 null * 



SnnihiilC. h\ this Male the leiiirlh of n j:i\en straight line ina> h<' 
measured to the nearest hundie'lth of an null • 


.\oTl.. The suhdiMsii'ii of a du;.r>ijinl se.ile lu ed not he drn iml. 
l*'oi liistariee ue niiLdil (oiisinut u diaeiinal seah to n-ad ( entniu'treH, 
nnlliinet res. and qintrlns of a iinlljiiu'tre , in wliuh lase we should take 
f'/nr parallels to tlie Pine AB 


KXKRChSKH ON LI.NKAR MEASrUKMKNTH. 

1. Dratit sfratjrht lines whose lengths ate 1 2."» nu lu's, 2 <2 niflips. 

11 (18 inoliM 

2. Draw a line 2 f)8 inehes h.n^, and measure its lenv’th in eenti- 

nictrea and the fienrtst niilinnetre^ • 

3. Draw a Inie .17 em in length, and measure n in nu lies (to the 

nearest hunrlredtfi I. Cherk vnir nsult bv laleidntion, given that 
1 cm. 0 3037 nieh. • * 

4. Find bv measiij'einent the e<pnvalent of 3 15 nu he» in (enti- 

metres and millnnetn's. ID'uee euleulate (< oired to two du imal jilaies) 
ih^value of 1 env in inches • , • 

T). Draw lines 2-9 em and 9 2 em in length, and measure (hem in 
inehcfl. I’so each e(|uiv^lent to the value of I inch in centimetreK 
and'millJoietrwi, ami take th# average of your results. • 

9. A dwtanci? of 100 miles i.s reprew?nti-d on a map b\ 1 ineh. Viaw 
lines to repreaent^UstAneed of 33ti miles and 4t)8 miles. • 

7. If 1 inch on a map represents 1 kilometre, drat# lines to represent 

850 metres, 2980 metres, and 1010 metres. • 

8. A plan is drawn to #he seahaof 1 ineh to IIK) links. Measure in 
ce^imetres and millimetres a line representing 417 links. • 



OEOMKTRY. 




SIiJCTlON. 1. tONSTIlUCTIONS 
i 

Problem 1. 


j/’o bisect a (jiven angle. 



1 ot BAG lu' tho ^iven angle to be bisected, 

eSnstruction. With centre A, and any radius, draw an 
• arc of a circle cut Uni; AB, AC at P and Q 

With centn's P and Q. and radni.s PQ. draw two arcs cutting 
at 0. doni AO, 

Then the BAG i.s bisected by AO. 

Proof. .luin PO, QO. 

In the ‘APO. AQO, 
f ! AP ^^AQ, l)ci..g radii of a circle, 
because j PO -QO. .. „ equal circles. 

I and AO i.'=i Common ; 

the triangle.s are cdhgruent ; Theor. \3. 
so that the ^ P*AO == the i. QAO ; 
that is, the .l BAG is bisected by AO. 

NotK. PQ h«.‘i been taken as the radiua of the arcs drawn from the 
centres P and'Q, and the intersection of those arcs determines the 
point 0. Any ratiius, howe\*cr, ma} bo uae<I instead of PQ, proviikd 
that it is great*i*nough to secure the mtersection of the area. 



PROBLEMS. 
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Problem 2. , 

To bisect a (fiivn strai§ht 

.'f- 



Q- 

Let AB )><• tin? liiu* to l»c }»'>(•< ted. 

Construction. * Wit fi ( ( ntir A, and r.idiiH AB, draw h\o 
an'.'<. on* on cacli .'^idc of AB.* 

With C(‘ntr(‘ B, and radius BA, dra\\ two an.'', one on radi 
Mill* of AB. putting thn first an-.s at P aiul Q. 

Join PQ ( utting AB at O. 

Tin'll AB i.s Insrctrd at 0 

• 

Outline of Proof. Join ap, aq. bp bq 

First show' that thn ' APQ. bT*Q an- rongnn nt . Thcor. l.'i. 

.‘50 that th(‘*LAPQ Plw _ BPQ. 

Tlmn show that.thn A'APO, BPO an* congriKTit , Than. 9. 
so that OB ; t 
that Ls, AB i.s bi.soct^'d at O. 

• 

N’oTEft. (i) AB t,'»ke» as thr rndiuH of the arcs drawn fr»m the 
centrea A and hut any raciiuH ma^tbe; uaeil providcii that it uff^rcat 
enoufth to secure the inter-iCH tinn of the aren which determine the j)omti!, 
P and Q. • 

(ii) From the congruence of the / •APO, BPO it follows that the 
wAOP-the lBOP. As these are adjacent angles, PG^ butcin AB at 
ngta angles. 
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GEOMETRY. 


Problem 3. 

% draw K stit.i}(jktihu(( perpend iciildr to a given Uraight line at 
a given point in it . . * 

. 0 ^ 



A P X 0 B' 


Let AB ho tho straight lino, nn<i X tho pivon point in it. 

Construction . With oontio X out ofT from AB any two 
(xjual parts XP. XQ. *• ' 

With (('iitros P and Q. and radiitftPQ, draw two arcs cutting 

at 0. 

Join XO 

Then XO is porp. to AB. 

Outline of Proof. Join OP. pQ. 

Show that the '* OXP. OXQ arc congnicnt ; Theor. 13. 
so that the _6xP -^the uOXQ. 

Ami these hemp adjacetit anple.s, each is a right angle ; 
that is, XO is perp. to AB. 

Obs. If the ]>oint X is' near on^ end of AB, one or other of 
the alternative constructions on the qfxt page should be used. 



PROBLEMS. 


J’rorlem 3. Sec ON n Me’j;iiod. 

Constructfon. Take any }X)int 
outyido AB. 

With centre C, and radius C^, draw 
a circle cuttiifp AB at D. * | 

.loin DC, and jToduce it to meet 
tlie circumfcn'nce <d 4he c irele at O. 

.^oin XO. 

Then XO is perp. to AB 

Proof. ^ .lorn C)t. 

• Because CO CX . ilie .. CXO the -- COX ; 

and because CO -^CX , tie- _CXD ^thc £CDX. 

the whole :.DXO the ^ XOD - tie- ^ XDO 
of ISO 

XO is p<*rj». to AB. 



Problem 3. Third Method. 

Construction. With centre X 
and any radius, draw tin- arc CC^E, 
cutting AB at C. * 

With centr<* C, and \yth tlie 
same radius, draw an are, cutting • 
the first arc at D, 

^ With centre D, and with*tjie 

same rftdius, draw an arc cutting ^ 

the arc at E. % AC X B 

Bif#ct the ^DXE by XO. *^ro6. 1. 

Then XO is fx*rp. to AB. ^ 

Proof. Each of the ^'bxD, DXE may tx'.provf-d to l>e fiO^; 
and the i. DXO is half of the _ D,XE ; 
the^eXO isW. 

That 1 % XO^ Is perp. to AB. 
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Construction. Tnkr any jxunt C on t!u' snk- of AB rnmoto 
tioiii X. * ' 

With ( ('ntin X, ami ratlins XC. ('tniw an aio to ( ut at P 
and Q 

\\ i^li (’ontn>s P ,u)(l Q. ami railius PX. draw arcs, cutting at 
|Y. on tlu' side of AB oppovite tt) X. 

.loin XY cutting AB at 0 
Then XO IS ^icrp to AB. 

Outline of Proof, .loin PX..:iX. PY. QY 
First sb<n\ that the ' * P)^Y. Q,XY i.re congtuent ; Thvor. 13, 
so tliat the ^PXY - the ^QXY. 

Then show that tjie * PXO. 9-^0 are congruent, . Theof. 0. 

so that the _ XOP ^the _ XOQ- 
And these being adjacent angles, each is a right angle, ^ 
that IS. XO IS |HTp. tt> AB. 



PUOHLKMS ON LINES AND ANCl.Kfv ^ lOl 

• • 

(Hf^. \V1mmi tlu* point X IS nnirly o]>|M«hitc om* cikI of AB. 
on<‘ oKi othor «jf tlio altornatiM* n>n>trw( tions givvn In-low 
should be ft#ed. ^ m • 

* . • ' 

* • Pkohlem 1 Sff< oM) Miriiivo , 

Construction. Take auv point A m 
AB .loin DX, and Ipxa t it al C 

With centre C. JH‘d ladni'' CX. diaw 
a (in It' cutting AB al D and O # 

.loin XO 

Tlien XO is peip to AB * • 

. For. us in l*it)l>!ein d Second M-'lhod. th*‘ XOD is a iiglit 
angle. 



rnoiua Tiiini* Mlimoi) 


Construction. Take any two points 
0 and E 4n AB, 

With (entiv D, and i.icliiis DX. draw 
an are of a tirc'h', on ihc* side* of AB 
oppo.sitc* to X. 

With centre E. and radtus t X. draw 
another are (Utting the foiin 4 r .it Y. 
,)oin XY. ( titling at O 
Then XO is pc rp to AB * 



(i) Prove the* * XDE YJE c ongna-nt by Theor. 13, 

so that tin- ^•XDE - the ADE 


(ij) Henre jiroM* tin- V XDO. YDO congruent by Iheor. 9 , 
so that the eiit^J DOX, DOY are e<jual.»^ 

That i.s. XO i.s |« Ip to AB. 


The cot]strurtiOit~'< oj Proh]e)iis .3 find 4* ore not usually 
mfoUoued in prnetuvi ajiphsutiohs. *P<rp ndieulars oh veil as 
^parallels arc more readily drnu n hij the aid of net ypiares. » 
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Problem 5. 

a rfivfvspoiiit in <1 fji^n stranjht line to make ai» angle egmi 
to a given angle. * * 



Lot BAG 1)(‘ the anc;l<\ and FG the givon straight line; 
and lot 0 l)ts tho‘|H>!nl at which an iin^h* is to be made equal 
to the ^ BAG. 

Construction. Wirh c<>ntiv A. and with any radius, draw 
an an' i uttin^ AB and AC at D and E. , i 
* With centre 0, and with the siinie radius, draw arc 
euttiny FG at Q. * 

With ct'iitre Q, and witli ratlins DE, draw' an are cutting the 
fonner^urc at P. 

Join OP. 

Then POQ, is the re<|nired angle. 

Outline of Proof. Join ED'! PQ. 

Then prove (her" POQ, EACL congruent by Theor. 13. 

It will follow tliat _POO=-^EAO. 


CONSTUrCTIONS WHU UI LKU I’OMrASSE.S OF .\NGLF.S 

OF bO'’ ?A\ \ \rf. 

I, .t^ a /vii'jit 0 oi <t .•ilralr/fil lux AB?' 
to ro>ntlnn\ «» (i)ui!e of (U)'’. 

Fn^ni ns centre, with anv cun- 
venient rndui'^. dniw an arc ruttinir AB 
at X. 

From centre X. with th< same rarliua, 
cut the first arc at P. v o 

Join OP : and without fomi4I proof saj’ A . 0 X B .x 

w\wthe*.BOP = t«)”. 




CONSTRITCTTONS OF CERTAIN ANGLES. 
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2. a ]t(nni 0 tn a sttan/ht line AB 
U> rnnMruct tiu nugh tif 30 

(i) Tfiifi n>ay f>c (Ion*' Ity t-nnst met 
nn anule of a.s ahovi*. and lii-^*etinn | 
by l*rob. 1 . The const met ion nia\ l»e 
arrinjed ns in the litzure, and lus^l.s no 
further exiilanation 

• * X 

(n) Or, An anfjje of 3 tr may be eon-* 
Htructed bv Irisectin!' a j-i^bt nnifle, llm.s 
With centn' 0 %'and am ladms OX, 
draw the are XR. 

At 0 draw OP ik'I'J) to AB (by f’lob 
Third Method), inf'etm-jr tin- .ii< ’,#R at P, 
From centre P, *1111 radiU'^OX. uit the 
art PX^t Q. 

Join OQ ; and sav \\li\ the ,_BOQ 
30". 



JL. 


AO X B 


3, At a tn It '-tniight hiir AB fo 

ronMnict an an gin of 

Take any point X in Afi .*11110 from 
centre X, with radiu.s XO, <liaw tlie .oc 
OQ. 

Hence (lA* Prob. 3, Thud Afetlmd) draw 
at X a iH>r|). to AB, elutin': the an OQ 
at P. 

Join OP; and aav whv tlie _BOP 



kxeJI('isk.^. 

w 

1. Con.«itnict (with ruler ,'^td CMiniia-'Scs only) an^doB of (i) 120" 

(li) 1.3.r, (ill) 1.5’, (iv) 22^, (V) 1121 , ( 11 ) , 

2. Throuyli a civen point P draw (with wt wpiarea) etraijfhi lines 

making the fcillowing an^dc.s with a given htrajffbt Ime AB : (i) <ith , 
(ii) HO", (in) 4.5". * ^ 

3. Kaeh angle of an f*quil.ateral triangle ii Otp. {-iav why; and uKe 
thw pro|)orty to prove lhat in j triangle fVBC ryghi amjM al C, if the 
hyiiotenuse AB --2BC, then the l.B -<}t» . 



GEOMKTRY. 
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EXERCISES, 

• I 

^{Oene^nl 'Jj^eoretical Con^tntdiom ) ^ 

N. H (h re the rmi struct inn i n each ra.se. A full fnrmal pi oof is requ {red 
null/ irheii spr^inlh/ eiskrd fir : hut in eiery example the renmn. for the 
roll stniclimt. should he hriefty erjilaitnd, • Draw jHirallels anl perps udirAilars 
with set si/unic.s unle.s.s other iiwie directed. 

I If PQ a jifivcn litu' AB at rmlif aiit'lf'!<, prove that anv point 

in PQ H oquidisfant from A ami B ' 

lleiut' sliow how to tinll m a s(raij,'ht line XY a point which Ls cqni- 
dNfiint from A ami B. , 

When iM tins impo.ssihle ? * 

2. I'our jiomlH B, C, D are j'lven m po.sition. Find bv construc- 
tion a point P Much that PA PB. ami PC PD. 

When IS this impossihh> ? 

.'I Find a fioint that is cipiidistant from three jziven points A. B. C. 

^ In what positions of A, B, C would \oiir ( onsii /.ctiKn’fail ? 

4. P IS an\ i)oint on the hisrctoi of the anRle BAG- Prove that 
perpendiculars dtawn fri>ni P to tin* aims of (hi' ani'le are (Hjual 

Hence show how to tind in a stiaiirht line XY a point equu|istant from 
two int'i'si'ctin)' Iiiich AB, AC When w this itiqatssihle ? 

4 

ft. Show how to draw through a given c ‘ on 

point P a straight line parallel to a given ^L__P 

straight line AB with ruler and cotnpasses 
only. 

fin AB take any poif.i X, and join PX At '• ./i '■ 

the point P in XP make the _ XPC eipial ^o ^ ^ 

the _PXB and alternate t<t it. 'Problem .') ] 

(I. I’rom a yiven point P draw a -trai^ht line ^^Q. making with a 
given straight line AO «in angle equ.iJL tt^ a given angle L . 

7. 0 IS the middle point of a' straight fine AB. Prove that the jwnnts 
A and B aie equidistant from any straijlht line through 0. 

Hence \hrough a given point P draw a f^Might line Ruch that the 
perjMmdiCularR drawn t*) it from two' points A and B may be e<iual. 

Is this always poaublc ? 
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s AB; AC arc two intersecting straifjht 
hncH. and f is a gi^n point within the ^.BAC. 
Ht qmred to driv'" through P a straight line nu*et- 
iiig AB, AC at X and Y, and cutting <»fT I'ljilnl 
iDlercepts AX and AY. 

(liiifo^ the BAC, anrl eiunplcte thetonslrue- 
t.on.J 



!t From tM’o givcH pomta PandQontlu' 
'line side of a straigHt line AB, it is reqiure<l ^ 
t ' diaw fwo lincH wliuh meet in AB and 
make exjual angles uith 

[lieviHe a constriietion ^iith the help of flie ^ 
adjoining figure, and* prove that PK, QK an 
■ the rerj Hired iinw. ] 



Id. 'P 18 a given jnnril within tiie angli' 
AOB. Draw thnnigli P a st might line 
terininated hyOA anflOB.^nd hisec t<'d at P. 
■ I'l'/ike aiiint from the adjoining figure, and 
' oinpicto the C'lnstruetion. .Supfdv a proof 
•''H' Theorem 2d.] 



11. OA, OB, OC nre three straight 
lines meeting at O. Draw a tran.sversnl 
terminated bv OA and OC, and l*iw< fed 
h\ OB. 

[Complete the con.st ruction from Ae 
adjoining figure, working from a#\ point 
X in OB ; and give a juoof See 
Theorem 2d.] 

• How many such traAs\er«nlH lould be 
drawn ? * • , 



12. Tlirough a given point A flraw a A 

strai^t fine bo that the paj# intercepted ' 

between two giwn parallels ina\ la* of P X ^ 

given length. ^ 

When does thii^ problem admit of tw<i /' 

fwdutions ? When of only one ? And /' • 

when is it im|Kiflaibk* T i 

[Take any iKunt X in PQ ; and from Y 8 

cenire X and tiie given length n.« radifts, rut . 

J^S ^ Y. Complete the construction.^ Pmof by Theorem 1 9. ] 



GEOMETRY. 


. Problem 6. 

To divkia ayivpn^str<fujht Urn’ into any nwnJbey of equal parts. 



Let. AB-h*' th<’ strai<](]it lita*, and snpposo it is required 
lo divide if into fhr <'<jn;d parts. 

Construction. Krom A draw AC, a slnimdit line of unliniitt^d 
lenj^th, making any an^le witli AB. 

Fioni AC mark olT ///•<* tapial ji^irt.s of (i}Uf length, AP, PQ;, 
QR. RS, ST. 

.[^om TB , and thron"h P, Q. R, S draw (with sot square) 
par' to TB, nit'«*ting AB in }>, q, r. s. 

Then sinee tlu par'’ P/>, Qy/. Rr. S.v, TB cut off five equal 
parT^ from AT. they also cut ofi five equal parts from AB. 
(Theorem 21. Cor.) « 


SKCOM) MKTHOP. 


hVom A dnu\,. AC at .‘inv in^le ^^itll 
AB. and on it mark off four eipi.d parts 
AP, PQ, QR, RS, of any nmuth „ 

Frvun B draw BD jiar' to AC. and on 
it riiark off BS'. S'R', R'Q', Q'P', each 
equal to the parts marked on AC. 

Join PP', QQ'. RR', SS' meeting AB 
in p, q, r, s. Then AB is divided into 
five equal parts at thf.se pointvs. 

[Prove by Theorems 21 and 24.] 



A / 



for 


DIVISION OF A LINE IN A (UVEN RATIO* 

« • 

Noti?. By means of Prob. G we may divide a straight line 
AB in an\%given rttio (]>rovided that the ratal t an be ^jxpiessyi 
in tenns of wfnole numliers). ^ ^ / 

|;'or suppose tfie given ratio is 3 : 2. In fliis case divide AB 
into ^coequal parts (as in the tigflre) of wlin U Ar cioi^ams 3, 
and /B contain* 2. Then evithmtly is divitled at ; m the 
ratio 3 : 2. ' » , 

Or, moie generally, if*the given ratio is m a. w«' must divulf 
AB into {/I + 71 t'quil ]Hirtb ; th»*n if AX contains f/t of tlu'se 
parts, XB must contain n So that AB is divnled at X m the 
latio m : n. • . 

• 

k\ku(im:s 0 ^ 

. 1 Draw a line of lenulh 7'2 tin . au'l <livi'h* il into /oy ('ouai gartB. 
Me^isaie one of the (laits, ami mtiIn iiunnMi(all\ 

2. Draw (ttith (lifl^onal^( ale) a Iim* of |< tn/fli 2 <11 iii< In ami 'livirie 
It into gfirti t’ijMal purtY. ^lui^'iire one pait, and \ciif\ jiuirmiK ally 

• • • 

2. Draw a straight line tvH ein hmg m the i.af m It 1 .Mr,aaurc ea< h 
part, ami verify by reckoning. 

• 

■t. Draw a line of length Ii’K2 imhea. and divide il in the ratio i ; r> 
MeaHiire each [lail, and verify inniierunllv 

•). Draw a line 6 7 cm. long, aml^divide it into fhi eijual {larts, 
Measure one of the parts in im hofto the n< arest hundreiltli), ami verify 
v onr Work by calculation, [liiii. t) lyt.dT imh. J • 

6. Find to the nearest hnndfedih of imh the length of a line 
which will represent 42 .’'>0<l kiloinetris in a map drawn to the scale of 
1. centimetre to fi kiloniflo's 

7. * On a map M Frame drawn to rtie senle 1 im*h to :j.7 mih^s. the 
distance from Pans to Calais i.s repn’«ente»J hv 4 2 imdicH find the 
distance accurately in miles, nm^^aftj'roximao K m kiiornetres, and 
expre^ the scale in metric impure. {I km ; mile, nearh.] • 

. • • •. 

8. Draw a diagonal ac-ale, 2 centiatetren to reprewnt 1 vard, showing ^ 

yarcLs, feet, and inJhea. , 



OKOMETRY. 


loS 


On T^E OONSTIUTCTION OF TrT AZOLES. ^ 

• • • * 

In tlio^as#a ^ntJuT^o considrrfd f Introduction, pp. 30-36] 

wc hiiv»‘ a('(‘n tluiX* • 

• • * • * 

(i) *10 order to <‘onatru( t tnanfih* (lore ^)arts have been 

^MV(‘n . for example : » ^ • 

{(i) two salt's and tin* ineliafi'd anple ; 

(h) one igde and tin* angles at ifs ends ; , 

(e) the thret' sidt's. 

. • 

(ii) A trianii;h' cannot Ik* constructed fr 4 )m lanf tlirce pYtui 

parts . for exaniph', if tlie ffinc (uuflc'i an* ejven (and no sale).' 
till* problem IS indeterminate that is, an unlimited numb<*r of 
triam^les ma\ bt* drawn Inuiim tla* LM\en parts, , 

'I'ln* r 'ason ol this is that tla* >l(tfn in tins case are not indeju’n- 
(Ivitt, for if two angles are jiueii, the tliiid is known la'cessarilv. 

(ill) 'I’hat evt'ii when the thr<;t* parts are iiah'peiait'nt, they 
may ha\e to be in some wav reittra ted or related before a 
triangle can be drawn from them For t'xample : 

• (a) if one side and tla* aiiL'les at its ends iflre i'iven, the 
sum of aii'iles must be less than lS(b; 

(h) if the three sides an* lUNen, thei^ the sum of any two 
must bi‘ enMioi^tluyi the third. 

(iv) Lastl). ff tin* pv(*n }Mrts are sulTicient on construetion 
to tix the si/i* and shape of the triii*igh*, then all triangles having 
the same paits must la- congruent 

• 

Wi* shall giv(^ instances oi the (‘onstriietion of triangles 
whi*re the data are not nei^essarily all sn/cx ^r tntfjles of*the 
trianghc To such casei^the san>e g»*neral observation, s apply : 
namyly. * ^ 

'Phnr indt'iwnilrnt data aw* requircTl ; and if. the given con- 
ditions are possible, and sullicient to determine the triangle, 
then all trianj^es fulfilling tlu'se Venditions an* congruent. 

[The simplest enses of ylie ci>twtniction <»f tnaniiles, already dealt with 
lu the Introduction, tu'ett lU) further exj^anation , but a few More 
examples wil! bo civen f»>r prwetiee ] 

• • 
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Pkohi.km 7. . 

To ronstn/erajrioiifjlc ABC hnv^iuj r) omi 

atiMm}le (B) opi>os(ft‘ to onf of thun *, 

For con.stnict a tr^aujj;!!' liaviiii: given If iin., 

r-6 U-ni., B !i(r. i 


Y. 



Construction, Tak<* anv straight liiu* BX. an<i at B make 
tlu' _ XBY (or B) (‘((iial to ’W) 

From BY cut <*li e<ju.il to r m, lo 1 (m (Tlie 

(liagrainV diawn to half ti*i^s(ale ) 

From feiitre A. aixl witli radiiis / (or dd (in ) draw an an* 
of a ( in !e. 

• • 

This are, m the pre.<ent ease, wdl he found lo ( ut BX m two , 
point.s C, and Cj. both on the same .vid,. (,f b . .*-0 tJial Itotli 
triangles ABC], ABC^ ''atisfv the^M\en <onditioii>- 

t 

This doiihle solution is known as the Ambiguous Case, 
and will (K'ciir wIumi h is less flian hut greater than the 
)K*rp 4 ’ndicular from A on BX* 

|('<im])nre the Anibiw'^iou'* ( a‘«< m lln > <'ia'tiiei,( < of irifUii>Ii-h exjiIwituMj 
on 71 ] , • , , 

ExVll’KE 

• • 

Draw figures to illustiate^the nntij'«‘ ,unt nnndn-r of solutions the 
following eaH<*a : 

(i) When b Ls greater than e.» l.Say b S »i ern ) 

(ii) When b is t“fjual to r * 

(lii) When b is wjual to the j»eqw‘n*ii' ular from A on ffX, in thw case 

* 3'2 cm • • 

^v) When 6 » less than this perpendicular. 

^ • • 
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GEOMETRY. 


Pkohlem 8. 

• • • . 

To frmM(n(d woiig’-AiNGLED triangle ABC J^mng given the 

h>ji>ofnii(sr (r) nn^l^one shic {!>). , 

For construct aVuingU* j^ivcn C -IK)'', c=7'6 cm., 



Constnictioii. Make AB tajual to 7 0 cm. for the liypoUnuso, 
aiul l)i.s(«(‘t it at 0 With ccritn* O, and radius OA, draw a semi- 
circle. • 

With ('entre A. and radius h (Hvi>t is. 3 6 cm.), dra^ an arc 
I'Uttin^ the .semi-circumhTcnei' at C 
.loin AC, BC. 

Then ABC is the required triangle. 

Proof. ,Iqjn OC. 

Hecau.se oA OC ; 
the_oeA ■the_OAC. 

And Fecau.'.e (5 b - OC ; 
the ^OCB-tlie_OBC. 

/. the, whole _ ACB i the _ OAC + the l OBC 

' of 180" ‘ 'Theor'‘.7. 


• Or thus ; Draw AC of the given length h, and at Cjdraw CB perp. to 
AC and of indetimte length 

With t'onti'e A. and radius espial to the hyi>otenu8e r. cut QB at B. 
Join AB. Then ABC is the mpiired tnangle. 

Obaer\'e that twu cou/fruent trianulf's may rfrise from this conatructl«ii ; 
'• for CB may bte cut on either aide of C. Compare Theorem 14. 

i • 



ON fUE CONSTRUCTION OF TUIANGLK8., 


ni 


^ ON TyE CONSTlU’rTlON OF Tl!l A^i.I.KS. 

(Draw jMrnlfekt and ptrpf}\duulars i/WA angltA ufth 

pr^rartor, othenme dmtUd. In rarh tniiktng a rnugh 

fre^-hi\ml ,sh(ch.) ^ • 

• • 

1. I)ra\\ a trif^iplo ABC »» wliuii /< T) TU in . f il S i ni , anfl B 4r> . 

Can tnuff' limn dtie tnaiij;li‘ liavo J>#ts ? If n», iii'mixiih' and 

cuinjiare tin* an^loa C ^ • 

2. CVin'^truft a triTlnulf* ABC rndit antrlnl at C. liavitiir r 4 0", and 

a 2*4'. ‘ • 


3. Draw a trianijli' ABC in whitfi B ‘IjC, r 
and slniw lluil tin* < hi* d'ltn* l»\ tw ddfcirnt 


»■» 0 • ni . h 0 f) ctn. 

<11181 nii'tii'iiH 


4 Draw an iMoncrlr'^ trian'^li* <*n a haar of CO fiiij. and liavmjr an 
altitudi* uf !C3 nn (Jim* rcast.ii-^ for \.>ui t on«f r in I ni/i * 

5. ,On a li.ifti* of |(‘n^'lh 2 4' con^iiint .in iowi-Ioh tiian"lr liaMiij: 
a vertiral ant'lc* of 4S Dfsi’iilir \onr ( on‘<trn( i ion. and ^o\f a reason 
for it • « 


6. Coffatruct tnaMj;:l<*8 frori^ irfn* f<<llowin/ 
how raanv Bolution.8 tln*ro arc, and «1rio tin* ir; 


(J) 0 

*(n) a 
(111) h 
(in) a 


2 H\ 

T) H c m , 
UHl cm , 
t 2 ■. 


2 r, 

<)•!! f in . 
7 I ( III , 
2 o'. 


daci 

:iM< <11 

B 

A 

C 

A 
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7. Krom the fiait of a ImlithoTise L two ahi)i« A and B. winch an' fXMi 
yarrli apart, an* observed in din-ctmns S \\ and^l.')' KaM <4 South 
respect iscly. At the same time B n* <d'8< iNcd fr<>ni A in a S K direction 
Drav^' a plan (scale I' to 200 yl*^). and liii«i by no uHuicincnt the fliatancc 
of the liyhf house from cadi *-hip 

# 

8. Draw a n>^ht-anj:b <l triaij^'lc, ynen that the hyiMilenmM* 
f -iilO'6 cm. anemone side a r» tJ cm* Mcasuic fife third Hide 6, and 
find the value of \ c- a* Comp^ire the fino rihuliH 

9. ‘ Draw with ennipafM'cs^iid njler a tnan^ilc PQR ri>/ht-anxU|l at R. 
given that the ^ypotennsc^ 7{ 2'. aitl the _Q <»o' Without 4nrnm I 
proof, give a reason for vour con^trintion 

• , * 

10. Two straight roads, which crow at ncht anglfa at A. are carnwl 

over a straight canal by bridges at B and C The dwtanee l^r twH-n the 
bridges is 461 yards, ond the 'distance from tjie crossing X to'the bndge 
Biis 261 yards. Draw a plan, an4 by measurement of it ascertain the 
distance from A to C. • • 
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CEOMETRY. 


co.VHTRUCTioN OF TRUNOLES {continued). • 

11 CoijHtnict a t’rianf'le, having given the following parts : B -.14“, 

A *.').o cm , y ii.'i cm* t^ow that there are two sol^ions. Measure 
the two valuffl of show that these are supplementary. 

12 li^a^tiiangte ABC. the angle A 50“, and h h o cm. ^lustrate 

bv figures the casi's whui ansi* ift eonstrueting the triangle, when 
(i) (1 7 cm. (n) ft hem.* (ill) ft ein. (iv) fi ,t em. 

* 

i:t. Draw a .ABC nglit-anglcd at B, and li^Mng the hypotenuse 
AC 2AB. , 

llcnc<> shiiw how to cimslruct an i.soseelea triangle in which each of 
lh»‘ efjiial .sidf'M twice tln‘ a^itude.# What w'ill be its vertical angle ? 

I 1. (i) Con.sfiuit III! isoscf'les tiiangle having a vertical angle • 

and the pi'C^eiidii^ilar fioin the vertex on tlie base of length S .I cm. 

(n) Diaw (with itih*r and ei>mpasses ojilv) an eipiilateral triangle in 
wliK'h tilt' pel pcndit iil.ii fti>m one \('ite\ to the op(»osit<' .side i.s S em. .* 

(When' tilt' pi'rpcndiciilar fiom the vertt v itn the base is givch, the 
pel |)cntlicular .should he drawn first , then the bu.se must In* in a straight 
line of mdt'fimfe length at right angles to the7ter[)eftdieiilar. ] 

lo. t'oiistriiet a light ungh'd f riangle^iu ing given the length of one 
side containing the right angle, and the perpendicular from the right 
angle to the hyi>'>leinise 

Fo? ('xainph* • let the sidt' t) .7 cm , and the perpendicular .“)'4 cm. 

* .Show that thetf' me two solutions, and that the triangles obtained are 

t fingi m'lif 

lb t'oiistruf t a " ABC m which ftie pf'rpendicular from A to BC 
(or BC produced) is ^ t) cm., ami thg sales AB. AC are .') 8 cm. and 8-U cm 
re.spi'ctively 

Show that then' me /‘oar ■••lutions, which may bo grouped in twm 
pairs of congruent manglc'j ^ 

17. Construct a ABC, ha\ii^^i\en ^B 40\ 7()“, and the 

perpr mliciilar from A to BC 7 0 cm. 

IS. Construct a triangle ABC (without protractor) having given two 
angles D and C and the .side b. 

It). From B the foot of a flagstaff AB a horizont,jl line is drawn 
passing two points C and D which are 27 feet apart. The angles BCA 
and BDA an' tt.V’ and 40“ lesjieetively, Uepre.sent this on a diagram 
(scale 1 em. to It) ft.), and find by measurement the approximate height 
of the flagstatl. ' , , , 

[First constrict the >. ACO.l 
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20, Vrom P, the top of u huhthouw* PQ, tMo buutH A Hn<l B nn* 

seen at anchor in % line <lue south of the lijihiluMibi* It jh known that 
PQ 120 ft., *||PAQ r>7 , >-PBQ .'h'l ; heiur diaw^a ^an in wlfnh 
1' represents lOO.ft . and find h\ nieusurenfrnt*'^!* di'^tuMif betwivn A 
aryl B, to the nearest foot. • 

* * ^ f 

21. fonstruet a rnjhf nnijhd tryimrle. lia\iii),' j'lven the letHjth of tln' 

hyjiotenuHo e, Una the sum of the leniHmiiiji ||d(‘s a and h 

For example . r * It < tn . and a > h 7 It t ni • 

Show that in thi>« k .- in* tlien* are two ■'olufions, and pmvf that the 
tnunt,'les pbtumed are corj^ruent ^ 

[Draw PB of lein;(h eipial to [a • h) At P make an an^de BPR IV , 
then eomplete the eonstnn tion ] • , 

. 22. f’ljnslniet u fnanj/le ha\ m>; ^i\en the peiimeti r and tin aimlex 

at tlie base For example, n • /> * .* 12 < m . B 70 . g nn 

(Draw PQ of hriirth e(|ual to (a f/ • O From P ilr.iw PA nniking 
• /-QPA jIB. From Q draw QA in.ikim; wPQA \C f'onipleie the 
0 (m.sf ruetion, and I'xplain the nason foi it ( 

23. (’onstruet a f rianfle ABC from the foil-. unit,' d.it i 

• a t» em . f> 1<I < m . and B bo 
Test by measurint’ the h in.'th" of h and r 

24. (’onsttuct a trianj.de ABC from the followinj; data : 

(t 7 em . r h I (in . and B «VV 

Measure the lengths of h and r 

25 Construct an mowv/<vi truyittb* ABC. haxinji ^iven the {Mrnneter 
and tlio lenirth of the peri)endn ular from the \eitex A to the haw BC. 

Suppo.se a^b ^ r 3 S', and perja*nfli< idar I 2' 

What relation inu«t exist l>et#een the dyta in or<hi that the e(mKf rie- 
tion may Ihj p<»ssible ? 

' 2d. Con.stniet a tnantde ABC, lyvmc: given BC ^ 3 U". ..B 70 . and 

th^ median AX •2 • 

27. Construct a triantde ABCl* having given the length (»f BC, also 
the lengths of the medians V'CZ .. . 

[See fig. p. fl? Take ^(b-thirds^if BY. CZ , and begin hf ion 
struoting the .V OBC.] 

• . 

25. Construct a triangle ha\inc given the lengths f>4its thrrs- medians. 

[Sec fig., p. 92 ; and bi’gin by constructing the / OKQ,] 


UShQ. 
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GEOMETRY. 


The (’oii8TKDca'iON of Quadrilat-crals. . 

• • 

It has be^ tlifet the 8ha|x‘ and size cf a triande are 

completely detenmned when the lengths of its three siaes are 
given. A (fuiidrflateral, however, is not completely determined 
by the lengths of its f^r sidc's. From what Tollpw's it will 
appear that /nyxinde])ehdent data are required to construct a 
quadrilateral. 

* Vroblem 9. 

To rohstrnrt a (jimdrilafernl ABCD, (jivni the leiu/ths of the four 
sides (a, b, c, (/), and mie amjle A {as shown in the figure), 



' Suppose n~fi'6 cm., 6-3*0 cm., c-4'2 cm, rf-5‘1 cm.; 
and 4 . A 59'". 

Construction. Take any straight line AX, and cut off from 
it AB equal to u. ,« 

Make the l.A to cont.'^in 59'', as given. 

From AY cut off AD equal to rf. 

With c(mtre D, and radius c, draw an arc of a circle. 

With ('entre B,'and radiu.s'6* draw another urc to cut the 
former at C. 

Join DO, BC. 

Thiui ABCD Is the required Quadrilattral ; for by construction 
^the sides are equal to a, 6, c. d, and the L A is of the required 
size. » 

Notk. Olwrrre th«t the arcs drawn from centres B and 0 will meet 
(if the data aiy ]M)S8il)lpl *.t tuv points. If B and D are joined to the 
other point of, intersection (C'k notice that the ^BC'D will be reflex. 
Examine the cose when 6 ^f^the diagonal BD. 
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/ • 

^ EXERCISKS. , 

* • • ♦ 

1. Draw & parallelogram ABCD (aith nilor#n<l hAvinc 

given that the adjacent «ide« AB, AD me :i r an4 f-7' n**rpfK'tively, and 
tht incljided L A"(K)°. ^ • 

Ex*plAin why theac data amount iojiiY irxiependeift contllti^na. 

• • 

2. Draw' a wjua^ <in u wide of 2 y act w|uiir<>K). Measure a 

diagonal ; and teat your conatruttion by workitg out (corrtH t to 
2 decimal places) tho/orn?ula diwf. of t>qiuiTe auh x s/2. 

3. WAh nilcr and compasses <liaw' a wjunreftn a di.ii;oM«l of 3 (!'. 

4. Draw a rhombus each of whfcc suleu is e<^ual to « stiaight 

lino PQ, which is al^) to be one diagonal of the figure. 

6. ‘ Draw a parallelogram ABCD, having gnen tha^ 

(i) the two adjacent sides AB. AO are t> ."i <m ami 4 < ni , and the 

• diagonal AC ' 8 0 cm. 

(ii) » AB-5 o cni.. and the iliagonnh AC. BD are 8 cm and fi cm. 

0. Draw a rK taicle n* which one side I K', and one diagonal 

7. CiAstruct a parallelograq^ ABCD (with set wjuac's and protrai tori, 
having given 

(i) AB - 7 ern , the _ A .V>\ and dnigomd BD d ( rn, 

(li) A0-=7 cm . thez,A 5.'., and diagfinal AC llocn# 

Examine the number of aolu lions m each case 

8. In a quadrilateral ABCD, 

AB cm., BC 2 r> cm ,.CD*-4 0 « m . and DA .’( 3 cm. 

Show that the ahaj)e of th<* quadrilatyal is m-f willed h\ thcs<< data. 

Draw the quadnlatiTal when (1 ) a ‘M) ,(u) A m), Why dties tlr' 
conatruction fail when A - IdO ’4f ^ 

Find graphically the least value of A for which (he (onstruction faila. 

9. Show how to construct a quadrilateral, having given the lengths 
of the four Hid^ and of one dia{c>^al. Wh.'it lamdilions must hold 
an^ong the daU in order that the problem may lie jsswiblc ? 

niuatrate your mcthorl by con^t ruct ing*a quadrilateral ABCD, when 

(i) AB-sV. BC“1'7', CD S/i'. DA^2«'; diagonal 60^20'. 

(ii) AB - 3-6 cm., BC "7«7*cin., CQ --0*8 cm . DA o I cm , ^d the 

diagonal AC -8*0 cm, ^ 

10. Construefa quadnlaterirf ABCD, having giver^three aides and the 
two diagonals ; namely, 

AB--8 2 cm., AD -7*4 cm . fC =r)*0 cHl., 

• AC ^8-4 cm.* BD^«*0cra, 

a 

pjf [For further Exerciaea on Quadiilaterala, pp 118, 148, 153.] 
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MlSCELUNEOUa EXAMPLES ON SECTION I 

i ABCCX iH » puraU<'ltHrrarn, AB is produced to E s6 that BE-AB ; 
fintve that ED hisci'TsrBC. 

:? 'I'ho hw«‘cton. of the anj'leafe atid C of a triancle ABC meet at X. 
I’tove thill LBXC IS obtuse. • ^ 

:L ABC and ADB are*fwo tnant'le.s on the sarAe aide of AB, such 
tliiit AC BD, anti AD BC. If AD and BC«intersect in P, prove that 
the tniini'le APB is isose»>IeH. '* 

L ABCD is a stpjiire, ami E is the mid-point of DC. A rirclo with 
centre E cuts AD in P and BC in^Q. Pritve that the trian^;lcs PED 
and UEC aie con^'ruont Prove also that BP and AQ are equal. 

o. ABC IS a tnanjile ami the side BC is produced to D H the 
hiseeltir of the ahj^'h' ACD w |)anillel to AB. piove that the timnjtle is 
lsose('h«H 


ft 'I'he mtenor aiijiles of a quatinlateial .iic tu . lOtl', and 15(1°. 
'I'he hiHectoi's of the e\tenor ani'les form a new quiulnialeral. Find 
the interior an^.'IcH of thi.s new' qu;uli ihiteral * , 

7 On tw'o adjacent sides AB. AD fiaiallelo^iram ABCC/. .squarea 
ABEF. ADGH aic deseiihetl <‘\ternall\. I'noe that HF is (’qnal to the 
diagonal AC of the |miallel(*erain. 

S.* 'I'he ani'le BCA of the trianirle ABC is twice the arfvtie CAB. and 
Its bisector ims'ls AB at N 'I'lie pei pendieiihii from N to AC meets CB 
produced at F. I’roie that the tnanizle CFA is isosceles. 

1‘ 0 is a point inside a Iniii'.de ABC such that .lOBC = ^_ABC, 

-OCA .{-BCA Prove that -BOC* dO"- V CAB. 

It) The diiiiiionals of a paralleV>urain are iVH cm and .') 0 cm. long, 
and are mclmeil at an angle of tlT ’. (^niatruct the figure and measure 
Its angles 

11. OAB is n tri.iniilc m which OA OB. and is such that if the 

bi'Hs'tor of llie angi'o A < ut.s OB,iP K. then OK KA.^ Prove that ten 
trianjile.s congruent to OAB can be titted round 0 to form a regiHar 
ten-sided figure. ‘ , 

12. , AB and A'B' are two isjunl .straight^ lines Find a p^^int C such 
that Kie triangles ABC. A'B'C ase longnlefit. 

‘ l.'L The two angle.s A and B of a triangle ABC are bv^oeted by straight 
lines meeting in 0 Prove that the anf^ie.ACB e.xeeed.s half the angle C 
by a right angle. 

1 4. Tn a triangle ABC'the .side /yB is greater than the side AC, and 
the bisei'tors of the exterior angles at B and‘C meet at D. Prove that 
DC is greater than DB.^. -i 
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li). ¥(BCD iH a jwralli'l»|»ram. BC pro<lumh<> P, ninkm^ CP CD. 
and BA is prodiu'ud t<t Q. innkiiift AQ AD. that P. D. snd Q 

are colJm?ar, ^hat *, in the wiine atraijiht line. • ^ 

16. From the'vertex A of a rmht annltHf tna#i*le a perpendu nlui jn 
drtiwji to the hypotenuse BC The^nmwtor <»f aiml*’ B meets this 
j>orj)emlioular in P ami nu^ets AC m Q. Prove llnfl l)ie fri^ngle APQ 

18 iso.sceles. • • 


17. A, B, C, D are four pumts sueh that AC 
Prove that any point *011 Uu* ■ - 


AD. ami BC: BD 
lim* AB IS ecjunlistnnt fn-m C and D. 


18. iSliow that the str.ui^ht hue jomn.u: itle midille points o| the 
diagonals of a tra|M*7.mm w paralh-l to the two parallel sides of the 
trapezium and erjual m length to naif tln^r ddleHmt 


19. A; B, are three points 
igh u 


I level pi. Ill) , it |S reijmieii to lUI) a 

line through parallel to AB H-os would \ou flo tl^s il \ou ate 
piovidwi with a meaMiimg tape »nd some pigs ' .lintif\ \oni imlhod 

20# P, 0, Q are three points m this older on a sir, tight line An 
acute angle POA is drawn on one sale of PQ, and an a 1 de QOB 'spial 
, to three times POAph di%wn on tie other ,'i<l' of PQ. OB being iijiial to 
A. If AB eutH PQ at C. pro\«* that OC CA 

• • 

21. If ABCD is a Hipiare, ami AL. BM are diawn p< ria ndi* uiar to aiiv 

line through D. and AN is diawn per|H-ndiMilar to BM ot BM piodmed, 
prove that ALMN is a H^piare. • 

22. D 18 ft point on BC. a side of an eijuilalital fnangle ABC An * 
expiilateral triangle CDR h des( nhed on CD. Ih* \ertiees A ami E being 
on opposite Hides of BC l*ro\e th 4 >t AD BE, aid if AD produc'd 
nu'ets BE in F. pro\e that the a^igh* BFD <>0 • 

2 : 1 , AB and AC are two straight ffnen rejtrewiitiflg ladwav lims. and 
P is ft village lying hetween them, whn h ig known to be in a straiL'lii line 
with and erjimlistant from two Mtations one on ea< h line, iind the 
position of the statioiji^ 

24 . Draw' at^ irrf'giilar ]ientag«ti.*ha\ mg eH<h*<d its angles gieater 

than a right angle; pnsluee the of the |Hiitngoii so as tr> form a 

five-pointed star, the pointH of tln^.sf.ir Is nfl/ tin- iriterws lions of alternate 
Rides. Provo that the sum (A the^ngles at the points of the star is <'rpial 
to two nglit angles. ^ 

25. On opposite Hides AB, CD of a srpiare ABCD e<|Uilateral tnanglea 

ABE, CDF are fleiK^rilH'd outsjjlc the ‘«|uatv. Prove that DE and BF 
are jiarallcl. • 

26. ABCD ia a rectangle whose diag<miU AC »« twirV the Ride AB ; 
00 is pnxiucetl to P »o tltat DP CO. If U ix the middle point of AC, 

Y l^ove that OP » perpendicular to AC and isjual to AD.» • 
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27. From any point P in the ba«e of an isosceles trianglt ABC, 
straight lines are dravn paniliel to the sides mcetinn them m 0 and £. 
Proye that the sum of PD and PE is the same for all positjions'of P. 

28. The sum of tha^nglAi B and C of a triangle js 105°, and the angle 
A exceeds the angle 0 oy 40°. If gC -2*. construct the triangle. 

20. In Un acute-angled triangle ABC m which AB is greater than AC, 
the lines ilrawn from B, C Si*r|K*ndieular to the opposite snles intersect 
in 0. Prove that OB is greater thanOC. * 

• 

;J0 ABCD H a parallelogram. Kqual straigK/ lines CE, DP are 
drawn in oppositt' direct^ ms (outside the parallelogram) at rig-lit angles 
to BC and DA respectively. Prove that tF bisects CD. 

81. In a triangle ABC th4 side A^ i.s greater than the aide AC ; the 

angle BAG h biseeted hy a line in<s*tmg BC at D. l^how that the angle 
ADB i.s obtuse. ^ ' s’ 

It 

82. A quadrilateral ABCD has the adjaeent sides AB, AD equal, 
and also the opposite angles B. D equal. Prove that its diagonals are ' 
perpendieuiar to each other 

.8.8 Coastniet a qnadnlateml ABCD in a.hiel» the side AB-2', 

_ ABC 120 , the diagonal AC 3', and^the sides CD and DA eqch=s2J^ 

If DE H the perpendieuiar from D to^AC. prove that it bisects AC 
and the i.D. vShow by measurement that Dt AB. 

34. « In a triangle ABC the angle A is 00°. Prove that^CB + ^BA ia 
, greater than CA. 

35. ABODE, ABPQRS are re.spe< tive!v a rcgnlar pentagon and a 
regular hexagon described on the sn^ne side of a given lino AB Join PC. 
Calculate the size of the angle- QPC, PCD, 

.8(1. Find a (xunt* P m the base’BC of a triangle ABC so that CP is 
equal to the {xtriiendicular frop P on Aft. 

87 Construct a quadnluterol ABCD from ,thp following data: 
AB 5 2 cm. ; AD 10 ,S cm . .iBAD - 80° , the diagonal.s AC, BD are 
equal and include antangic of 04°. . Explain your construction. ^ 

38. Make an acounite dras ing of a quadrilateral ABCD, having the 
angles B, C, D res^tively 2, 2J. and times the angle A, the aide AB 
3*^ in length, ami the opjwisite side 1'. .Tusti^v vour conatructioa. 
f- * 

80. Coivstnict, explaining each step, a quadrilateral ABCD with AB 
parallel to DC, ^BAO -- 135°, *-ACD t^\ DC = 2% 00 = 2^. 

40. Construct a' quadrilateral ABCD with AB-l*, AC = 2*, angle 
ABC 00°, and the triangle ADC equilateral. Prove that the LBCO =90”. 
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. SECTION n T{IKOKf:MS.* 

On VltKA.s. 


l)K 


KlM'llUNS^ 


1. The altitude (<^ height) of a juralli’ht^^nuu with nfcr- 
ence tQ a given 'side as base, i.h the )^er|M'ndieular distanee 
between the, base and the o|)|)o.sit(‘ side 

2. The altitude (or heightf of a Inangh* with n f^Triac to 

a given side a.s*bav. is the pei jieiidn niar distAiiM of the 
opposit«‘ verti'X from tiie ba'^e ^ 

Obs. It IS vlear tliat immlb oi tiinii<ib.s uhtch me 

h'twvvn the .sTO/ie jHimlhls Imre ih>> .sa//n; 


Fur lot AP and DQ bo tlio niti- 
tudoa of the 'ABC.^OEF, whuh 
are between the wme pamfUlH BF, 
GH. • • 

Then the APQD in evidently 
a rectangle ; 

V. AP DQ. 



(’ONVEHSELY. PnrnW bujniin.'i ami triami!f'< which hare the 
8(ini^ aUttade mai/ />e so jdaced asjo fw itctim n the sarH^ jHifaJIcls. 

NriTE. When two parallelogrnniH. or tniuigW. ho* d**»*onf.e<i an 
being helirten tkf. Mme ‘jmrrtlUU, it if^alwnv- uncleo^otd tjjst the hgure* 
are »o placisl that the ba^on h*' *■'» ‘'Oo nf^tbo parallol'i, and (lint (he 
opposite Bides of the pnrali< loiinurih for flu* MrtneH of the tnnnizln I he 
on the other parallel.^ 

3. The area of a fignre is^he anionnt surfaee eontained 
\fithin its bounding bnoH. 

4. A square inch is an <*qu*valent to that of a wpiare 
dr&wn on a side one in length 

5. SimilaHy a stpiare eontidietre is an area eqtiivafenl to 
that of a squtre drawn on a side one tentiniotre in length. • 

The terms square yard, square fr>ot. square metre s/tv. Ut be imden<UK)d 
in the sarao sense. , 

^ 6. Thus the unit qf area js the at^a of a wpiare on a side 
of unit length. 
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Theorem 25 . 

•' 1 I 

Area of av’^ecfanglQ. ^I’ho nuiulKT of units of arija contained 
in a r(‘( tanfi;le is product of the number of ‘linear units in 
Its li'nj'tli and bopultli. t 


< A B 

le't ABCD repo'sent a rccfantrlc wlios*- lcnjj!th AB is 5 feet, 
and \\hos(‘ brcadHi AD is 1 ft-.u 

I)i\id(‘ AB into 5 •s|ual parts, and BC iy.to l,e(|Uid [)art8, and 
tliroiinh the points of dl\l^lon of ('ucli line draw ])ar^ll(‘ls to 
thi' other. ‘ ‘ 

Th(' re( tangle ABCD is now divided into compartments, 
(‘U( llMf wliu li represents one .sijuare foot 

Now tlu'O' are four rows, eaeli containini; 5 s(piares, 
t!n' reet.inele eoiUains 5 \ I s(piare feet. 

Similarlv. if a denotes the nuinfx’r of linear units in the 
length, and h {\u'\iuniln'i of liifrar units m the bn'adth. 
tJirh the rvcidnijUi rvo./noi.N^ab a/oAf of area. 

Ami if each suit' of a sipiare \ ontains a lin.t'ir units, 


the s(^n<tre eontion^^^- fonts o/area., 

Thef’e statement'^ may be thus abridj^ed 

the dun of d recta mfU^^Ienqth x breadth (i), 

J the aten of a .v(/»ure = (ii) 

In other words. 

* f. 


The area of redanqle is measured by the product of the 
ineasitres of tuv adjacent sides. 
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!• 

Notation. 

» 

The rectahple ABCD is suul to )m‘ cont^ed AD :*for 

these adjacent sides fix its and shape • * 

The*ar»'a of a rectan^h* wliosf* adja(<‘nt ^i»l< s i\jn‘ AB. AD is 
dfiioted by r^'( AB. AD. or .4niplv AB / AD. 

The area of a srjuaif drawn on tin- sidi* A6 i.*- ‘denoted by 
sij. oil AB. or AB“.^- 

l.\l KKK.\< Ks 

It Is e\ ident that • , 

.(i) . A‘f II huh half tuo oiljiu’i nt >i({i\s of mic Kjual to 

two mljdinif •^ulrs uj th»' ntJur. mih /<» *orh, imr toj^iii iii’iit, and 
therefoir //niv i^inal un'o\. 

(hi) If rv< toiKjIu.s hnn upuil oiro'' iikiI if om Mih of oiw is 
(fjual to one ,yiilr if tjw otJ« i , th< II tin iiiijun nt o</e.s on also tijiioL 

For (^:vni])U'. if rectmi^rlcH h,i\t opial .iom" aii<l e<pi(il leiif:tliH, lliey 
have uLsn eijii.il hn M(ltlis • * 

(ill) Sijunii's Oil rijuiil .\iih:s iirr onuji m ot, mid thimfoii' /imiy; 
equal arcus* 

(iv) If squmi^s hme rquul m-us tlu >/ stood on cijuul .^idcs. 


i XKU^ IsK.S. 

{(In I'lihltlfi of Uwjtt^ mill /IrK/.) 

1. Draw a fijiuro^u sii')w uhi/ 

(1) I v-n^l V io\. f.r! ^ 

(ii) 1 “(j. ( ID |o® H.|, rum 

2. Draw a ti^fure t<i xhow li^t iIh* Hjiuir^- <»n a soai^’lit line in four 
tifties the .square on fialf tU- line. 

3. U.sc wpiared jiajxT to show tnat the wpiare on 1" in’ tirneH the 

8f(uare on 0 !'.« • 

4. Hr represents 5 miles, what does an areit of (i wpiare inchoii 
represent ? 
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EXTENSION OP THEOREM 25 . 

f 

TVs proo'i of 'ITieurem 2u on page 120 8unpo«efl that,>he lenrth and 
breadth of thP gi^<m^oclan|le are expressed by whole. nun}bers ; out the 
formula h()l(i8 go<»d wh^n the length and hrea(fth are fractional. 

This mav Ke ilhialrattHl thin : 

Siijiporte the length and hreailth are .3'2 cm. and cm. : we shall 
show that the area, is (3 2 x*C-4) sip ern. ' 

For length 3 2 cm 32 mm. 

breadth 2 4 cm. 24 mm. 

3? 24 

area - (32 ^ 24) sij. mB\ ‘ij. cm. 

(3-2 V 2 4) cm. 

Notk. Ob.serve that the rule hiTc holds good because flic length and 
breadth, though frartioiial m terms of centimetres, niav lie expres-sed by 
wlude riumbfri m terms of a lower unit, in this case milliinetrcM ; and we 
may thus di\uie the n*ctangle into sijuares as illmtrated on p. 120. In 
this case the length and breadth are said to be cjrnni^nsurable. 

We shall refer later to the casi* of incommensurable lines (or other 
magnitudes), that h to sav. such as cane,»t be divided into part.<fi>f which 
enen eontain.s an exait whole number. For ('xamplc. lines whoso 
inea.sur(vs are I and \'2 furnish a familiar mstanee of incommensurables, 
III sui’li ea.ses it will .appear that, bv eboosing a .suflieiently small unit, 
Iiue.s which arc' theoretieallv im-ommensvirable mav be expressed by 
whole numborH to any requtred Jegtee of m curacy, that is, to any number 
of significant digits. 


(On th • /Irco of a R:r tangle.) 

Draw on s<iua'ed paper the reetangles of wIih^i the length (a) and 
breadth (/>) are given below. Caleiilate the ureas, and verify by the 
actual counting of snuari's. ® ^ 

I. a O H', 6 3 r)' 2. a 2 o', 6 1 4'. 

3. u .2 r. 6 l y ' 4. o -1-6', 6-21'. 

• t 

Cftlchlate the areas of the UH-tangles in whieh 
* 5. a - 18 inetr<*s, 6-11 metres. f«. « 7 ft , 6^72 in. 

7. a =2*5 km., 6-4 metres. 8. « - ) mile, b ~ 1 inch. 
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EXERCISES OX RECTAXOLK8. 

!• 

9. *Fin(l the length of a rectangle win*!**’ area i» 3 0 laj. in., aiui 
breadth J S". Dr§w the rectangle on w^uare^l ptnier ; ami Tonfy yonr 
work by counting the squares. • # 

,10. (i) When you treble the length of a rtvfahgle without alUring 

its hreidth, how many tunes do \im«nultij>l> the ajea 7 ^ 

(ii) When Vf# treble both length and breadth, liow nmi^ tinn-^ do 
you multiply the ^rea 7 

Draw a figure to illu.st^atc youi answers , and stale a general rule. 

11. In a jilan o\ a rectangular garden tlie lengtli and breadth an’ 

3 6' and 2 ;) , one inch standing for lu xanis Kind the area of the 
garden • , 

If the area ix inircHScd by 300 mj mIh.. the breadth reruaiiiing the 
aame, what will tlie new length be 7 And li<»w many inches will repre- 
Bcut it on your plan ? • , 

12. Find the area of a rectangular imb-sure <>f wliuh a plan (sfulc 
I cm. to 20 nietre.s) measure.^ 6 •') * m b\ t o cm 


13. The area a raetangle is 1440 sq yds lima j'lan the sides • 
of the n^'tangle are 3 2 cm. and 4 o cm., on what wale ih the plan drawn 7 

Calculate the areas re!>res<'nte<l b> the shaded parts of the fi>lJuwing 
plana. The dimensions are marked in feet. 



^intform '.'1 (i 
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GEOMETRY. 


Theorem 26. 


'the arm k} a*}niralh‘h\irnm is eijual to the nrcadf the rectangle 
on the same Ixise a*i^ Initween the same parallels. 



Lft ABCD })<• a |nir"' ami ABEF tin* r<'( tai)pl(> on the aamo 
base AB unW brturrn the aaiin' j»ar'' AB, FC. 

To prior that the pat'' ABCD the letl ABEF n> area. 

Proof. Moraimt' FC moots tli«‘ par* AD.^-BC.r 

tlu'^ADF tlio corrnsporulmo _ BCE. «• 

In tlio '• ADF, BCE. 

a |(fio»ADF -tlio..BCE. Proied 

tbooauao ’ tho ^ AFD - the _ BEC, ln'in^ rt. anglos ; 

l^and AD BC, bomii opposito si(l<’.s of a par"*. 

tlio "ADF, BCE an' ^■onJi^Ho^'t and 0(]ual m area 

Now if fnmi tit* wholo fij^.ABCF tlio ADF is takon, the 
roinaiiult'r is tho par"’ ABpD ; , 

;Vnd if from tho stimo lio. ABCF tin- BCE takon. tho 
roinauidor is tho root. ABEF ; 

Iho.so rt'nmihtlors aro oqiial , ‘ * 

that is. tho par''' ABCD.*- tho ro« t. ABEF. Q.E.l). 


F.X.\MPI.E^. ‘ 

In tho Above diAirram tho shlca FE, DC overlap Draw diauram.s in 
whu'h (i) these siUes tio not <*verlap ; (n) the ends E and D coincide. 

Go throufih the pnM>f with these dirt,irams, ttnd ascertain if it applieu 
\o them without? change. 
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CoRfiLLARV 1 . The area of a parallelogram is lueasured }>y 

the prodifet *>/ th% measures of its hise amt itg altitude.* 

hi tho fijjlin' of Tiu'or. 2(> BE is J:h(; allitydiyit tlu‘ far'" 
A3CD. *• 

Now if AB. BE contain rcspccTively a and**;; iiiiils jif length, 
tli(‘ rt‘( t AJBEP contain.s ap units of area. 

Aiul, by Tlu'or. 2b^ar<‘a, of jmr'" ABCD- afoaof roct, ABEF 

--a;> units of art‘a. 

This result may be thus abridged : • 

area of isir'^^tsise 'i altitude. 

• 

roROl.LAUY 2. ParaUrliHjrams nii the samejsise and ts’tiveen 
the same fiandlds {henee of the same altitude) are eijltal in aiea 

h^ir if the par’"’ ABCD, ABXY y p D X EC 
ar<‘ on thi* same base* AB ami be- 
tween (he sam<**par^ AB. YC ; and 
if ABEA is the rectangle op the base 
AB and of the same altitude AF as 
the par'"’ ; 

then tlu' par"' ABCD - the ]»ar'" ABXY; siiKt*, by Theor 20, 
each is eipud in area to tin* re( t. ABEF. * 

N<iTF. Tins itn|s>i 1 ftnt Ceiuiyiry y D X C 

may Ik* pnive<l fhnrtly, that is, wulient 
reference to tlu* eqni\t»lent ns'tan^'lr^on 
the wimet)aseiunl lH'rv>e<>nthe sumo i>ui‘* 
isoo the adjoinun: ti^urej. 'fhe i»u|>il , ^ 
should a.s an exereise JZ‘> full\ t ho mi'll 

thiB form of jiroof, w4neh closi-lv folhov. ^ 9 

that of Thetjr 2<i. . 

• • • » 

.CoROLi.ARY 3. Since tht area of a ]iaralh'iogram (h'jw'iids 
only on it.s base and a^tude, it follows that 

Parallelofirams on eeptal ha.se.s and of equal altitudes are. equal 
in area. • , • 

[For Exercises, see pi*. I28-I30*j 
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Theorem 27. 

* f * 

The arm^f g, triagqle^ is equal to one-hulf of tik area of the 
rectangle on the sar,i0 base ami between (he satne parallels. 



B ' c 


Lot ABC 1)0 ft trian^H**, aiul DBCE tho rectangle on tho same 
base BC and b«*^veen the same par'* BC, DE. 

To prnee that the ABC -om -half of the reel. DBCE in area. 

Let CX 1)0 th<‘ fitraight Imo through* C par' to BA, meeting 
' DE pro(luc('(l at X. « » 

Proof. Tfien ABCX is a par"', and its diagonal AC bisects it ; 
.’./the ABC “ono-half of tho par"' ABCX 

^one-half of the root. DBCE, on the same base 
and between tho same parallels. 

., Q.E.O. 

CoROLL.vRY 1. '' Tlw area of a triangle k ineasureA by one - 
half of the prod art of (he .acmires of its base and Us altitude. 

In the above Hguro CE -the altitude of the ABC. 

Now if BC, CE contain respo ’Lvelv a and p un’ts of length, 
then the root DBCE contains ap units of area. 

And, by Theor. 27, an^a of \ ABC «= one-half of rect. DBCE 
, -"^V. n/) units of area 

, This result may be abridged thus : 

urea of triangle ^ J . base x aUUude. 
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/• 

Corollary 2 Triangles an the same luise and l^etuieen the 
same pamllels (/.i. of the same altitude) 
are equal in hrea. ^ 

.For if the A* ABC, GBC are on the 
Biimh ftase BC and between the*same, 
par’* BC, DG ; end if DBCE 18*1110 rect- 
angle on* the base BC and of the Baintk 
altitude BD as tin* trifnigltvs ; 

then the /.ABC one-half of tlie reel. DBCE ; 
also the GBC -one-half of the re<’(. DBCE ; 

/. the ' ABC -the .GBC in ar<'a. 

SfmilaHy, tnanglp^i ov equal fjo-te.* and of equal altdudtM are equal tn 
area. • , 



Corollary 3. If tiro triangles are equal in area, and stand 
on the same base and on the same side of 
it, they are between fhT same jxitallels. 

For instance, if the .'4 ABC, GBC 
are equal in area, and stand on the 
same basi* BC, it is concluded that 
BC and AG are par'. 

For if AF and GH are the altitudes of the triangles, 
then the .‘.ABC =one-hal| of the reel. BC, AF ; 
also the / GBC -one-half of the rect. BC, GH ; 

. /, BC X AF A BC X GH ; * 
the altitude AF --tin* jittitude GH. 

AF and GH are par’ . 

^ hen(;e AG and FH, that^is BC, are Theor, 21. 

Similarly. inanglM nf thf f>ami area, stn:^inq on rqml Inurj* oi the earne 
strqight line, are betmen the mmAparalleU 

•» 

And generally, since ^ue area tf a triangle J . ham x attitude, 
it follows tha^ , 

(i) triangles of equal *area and equal bases have equal 
altitudes ; . 

• (ii) triangles of equal area %ndequal\iUUudes have equal bases. 
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• \ 

Theorem 2R. 

If a jxira^klqtiidmjin^ a triamjle stand on the !^me base and 
l>ettm>n the sinne** ^xirailfls, the area of the ])arall€logra 7 n .is 
double that j)/ the p'lamjle. « 


L(‘t tho ^)ar"' ABCD and tin* . EBC stand on tho same base 
8C and between tlie same jiar'' BC, AE. 

To }>rore that the par'" ABCD ts doable of the EBC i)} area. 

J(»in AC 

Proof. Since the .’ABC. EBC are on tlie same ba.se BC 
and betw('en tiu' same par'" BC, AE, 

“ the ABC -the ' EBC in area 

.\nd since the par"' ABCD is bi.'<ected by its diaf^onal AC, 
tlie par'" ABCD is %‘onble of the ABC , 
the par"' ABCD is tlouble of the ' EBC in area. 

. OE.l). 

KXERt'KSES. 

{}fensurttiton of I\vntUh>grnms and Triangles ) 

1. Find tliP area ef paralleleprams in \\hich 

t (i) the ba-se ■ •.'>•5 cm., and the hf4^ht - 4 cm. 

^ (li) the ba.'^o -2’4’, and the heipht l .T. 

2. Draw a ixmijlelegram ABCD havKip piven AB - AD~1K» 
and the LfK -fvj". Draw and meumire the iieniendipular from D on AB, 
and henoo calculHle tlie approximate area. Why approxwiate ? 

.\pain calculate the area fVom the !«»gth of AD and the perjiendicular 
f>n It from B. Obtain the avera^ of the two resulta. 
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3. Ill the parallelogram ^BCD the foisli^'ing IcngtliH are given : 

^ ^ AB - a units; AD /> units,; , 

thw^rji. distanoo betui^en AB and DC p units* 
the porp. diHtanee bet\\e<*n AD nfld , 7 VniA ; 

; ; prove that^p *, 

4. The area^d a parallelografti ABCD h 4 L* mp in. nm^ the base 
AB ia 2 - 8 ''. Find <hc height. If AD L’Mdrau Ihi^ parayelogruin. 

5. Each side of a /hoinbiis is 2", and its nrea is 3 HO S4[ 111 ('aii iilnte 
an altitude, and hence draw th«‘ rhoiiiluis ^ 

0 . Calculate the areas of the tri*ngles ly whu h 

( I ) the liase “24 ft , tlie height IT) ft 

( II ) the base 4 8 ", the lieighl 11.')" 

• . 

7. Draw triangles from the following dat.i In eai h uise diaw and 
measure the altitmle with nderenee to a gi\en side as base • lienee eal- 
culafe tin* approximate an^ 

( I ) f# H V( m . b ti'H em , ( 4 ti em 

( II ) 6 - .“i'Oem, 0 H em . A (to 
(ill) (I -0-.')(m,^ .')2 , C 70’ 

8 . ABC IS a triangle riijhl-ntighd at C . show that its area ^BC '' CA. 

(liven a -0 em.. h - ft < rn , t aleiilate the area. 

Draw the triangle and measure the Inpoiuuise 1 , draw and measure 
the }K*rpendK'u]ar from C on the litpofi-nuhe. Inme (.deulnte the 
approximate area, Cotiiiiare your nr.sult with the ealnilatrsl value. 

9. In a triangle it is given that t^e area lo I i)n ent , and the baiM‘ 

-.-DO cm, Calculaielhc altitude Can }ou diaw thetnangle from those 

data ? * ' • ^ 


• TIIEORKTK’Ab l-l.'iERCI^^EH OF* AREAS. 


{ParaUeUtgrams and T/witgkjt.f 

1. (i) prove directiy fr^i the adjoining fvjurr 
that the . , XA6 onc-half of the rectangle ABCD. 

(ii) Draw iht^ correspond mg figure when X w in 
DC produced ; and prove thaf in this ease also the 
A XAB = one-half of the rect. ABCD. 



B Sh a. 
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theoretic^A exercises on areas. 


• {ParalielogramJi and TriamjleJi eontinufd: 

2. * If X, V^Z the^miil-pointH of the eidps of 
the /^. ABC, p'Utit ou| yiro©*p*^ralIelogramH ('I’heor, 

2!l) in the tigure, and 4 )r()ve that they are equal in 
area, » •* * 

Are thAso parallelograms conpivient ? Dis- 
tinguish between the eaaei^.when the \ ABC is 
(i) equilateral, (ii) itoseeles, (in) sealene 

3. If P, Q. R, S, are the rui<I-p<unts of the 
sides of the par'" ABCD, ^>iove that 

(i) PR IS par' to AD, BC ; and SQcpar' to 
AB. DC ; 

(ii) the fig PQRS h a par"’, and that its 
area is half llpt of he par"* ABCD 



4. ABCD is a par"', and throuph any point K in the diagonal AC , 
nar'* EF,' HQ are drawn, as in the adjoining figure. Why are the 
following pairs of triangles congruent ? 


. /ADC. CBA; '«AHK. KEA; 
KFC. CGK. 

Hence prove that 

(i) the shaded par"" HF, EG 
* an* t'qual in area . 

(ii) par'" ED par"' BH ; 

(lii) AKB AKD. 



5. ABC IS a triangle and XY is iliawn parallel to the base BC, cutting 
the other sides at X and Y. Join BY and CX ; and ^ 

show that i , 

(i) the XBC -the^\ YBC in aira; 

(ii) thi ,'.BXY the*.\\5XY .. 

(Ill) the ABY the , ACX .. „ 

If BY and CX cut at show that « 

(iv) the BKX the \ CkV m area. 

0, Show that a median of a trianu’o divides it into two parts of 
equal area. ^ 

How i'ould you divide a triangle into equal parts by straight 
lines drawn from it.s verte.'t ? 

•7. Prove that a parallelogrora is divided by its diagonals into four 
triangles of equal ar^a. 

8. ABC is a ^riangle whose base BC is bisected at X. If Y is any 
point in the metlia’n AX. sho,w that 

the A ABY - the A' ACY in area. 
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.9. ^BCD is a parallelogratn, and DQ, an* lh(* per|>endioular» 
from B and 0 on tho diagonal AC, 

* ^ • Show that BP DQ. * / 

Hence if X ft ^ny point in AC, or AC pr<^u«od, pravo Ahat 
• , (i) the ADX--tho ABX in aif |j.*; 

' • (ii) the \CDX the .•CBX .. *, , 

• • • 

10, In a trianyjo ABC, if X, Y an* the iril-poinl,-* <>f the Hides AB, AC, 
prove (without aiwurning Theor T.\) that tin* * XBY, Xt)Y are iHiual 
in area. Hence show tlftt XY and BC are paiallel 

11. ABCD 18 a f lajteziiini Jiaving DC par* 

AB ; and X, Y are the innl jiointH of AD. BC 

Why is the . AXB one-half of the ♦ADB 
in area ? • 

Of whtit triftnirle h the AYB one-half ? 

Why ma) we eoiM'lude that th(‘ AXB the 
A AYB in area ? And hence that XY is par* to 

’• AB? 

12 ABCD is a parallelogram, ni'd X. Y are the inidole points of the 
aiilea AD, BC : if ^ m Uny point in XY, or XY |trodiiis*d. show that the • 
area ofAho triangle AZB w one^(juurter of the parnllelograni ABCD- 

111. If ABCD IS a.jiarallelogiam, ami X. Y an\ points m DC and AD 
rc8i)cotiveiy : show that the tnanglcH AXB, BYC are (sjual in area. 

14. ABCD IS a parallelograni, and P is an\ point within it ; shovi* 
that the sum of the triangles PAB. PCD is »s|uaJ to half the parallelo. 
gram. 

• - 

15. In a ABC, X, Y are the mnl jjoints of the huIm AB, AC, and 
BY, CX intersect K. doiii AK,^ind pro\e thaf 

the ‘.BKC the* .i^KB ]1<% AKC in area 

10. In AB, a sid» of the '.ABC, anv point X is taken, niul CX is 
joined. Through A a straight line is drawn par' to XC and meeting BC 
produced at Yf ami XY is joimsl. Prove that th? XBY the / ABC 
m area. ^ 

• 

17. If the middle points of tlie sides of a tiuadrilalfral arc joinrsl in 
order, prove tjiat the pa^fJogram^o formed (ws* Kx. 7, p. is half 
the qu^rilateral. 

• • • 

18. ABC is a triangle, andf?, Q the middle ynuntyif the sides AB, AC ; 

show that if BQ and CR intersect in X, the triangle BXC w equal to the 
quadrilateral AQXR. *' 
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Further Examples on Areas. 

. , I. Qua mil LATERALS. 

(i) To find tho arm of n trapezium. 

L(_‘t AB<^D l>(> .-i trii|)<‘ziuin, liayin" 
th(' AB, CD )).iralh‘l. .ToitrBD, 

and from C and Odrau laTpi'iidiciilars 
CF, DE to AB. 

Li't the |)andlol .sidt'a AB. CD nu'asiin* 
a and h units of ioni»th. and let height CF contain h units. 
Tlicn the area of ABCD - ABD i . DBC 

- ” ./B DE f ^',DC CF 

h). 

1 ^ 

Unit is, arm of (rape, nan ^ In viJif \Js;}an of ptaxillel s{(^es). 



(ii) ^ To find the tara of any quadrilateral. 

V Let ABCD he anv quadiiiatt'rai. 

Draw a diai^omd AC , and from B 
and D draw perpendu ulars BX^DY to 
AC. These perjH'P.dieulars are < ailed 
offsets. « 

Let AC ('(uitain d umts hmirth. artrl 
BX, DY p and ./ umt.s respeetivelv : 

then area of theijuad' ABCD^ ABC + .'.ADC 



AC.BX ^^AC.DY 


1 1 


That is, orm Sf (pmlrilatetai h(umal x {sur)i of offsets). 
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‘exercises on quadrilaterals. 

/• 

EXERCISES. • 

(yumcru-nl nml (hn^wcml ) 

* 1; •Find tho area f)f the fia|)c/ium in wliifh»^fu' 1\\<> parallel huIoh 
are 4’'?" ami IMl", and tho Inn^dit 1 .» • t 

• • • 

2. ifi a (|nad»ilatoial ABCD. the diai^iial AC I" f<’et . ami the • 
ortaet.s from it to B andp are 11 foot and !t feet. I^md tl^e uix'a. 

3 l^ra\^ a quadnlaterai ABCD from tl#- ad- 
joiiunj' rmi^h plan, the dimentioii.^ hmni: ^M\r'n in 
inehes. • , 

Draw aiul mea'«re the to A and C from 

the flia^ional BD , ami honeo eahnlaio the area of 
the (piadnlateial • 

4^ Draw a trape/.nnn ABCD fn-m tho folloum;: data AB and CD 
are tho parall('l ■'iilos AB 1": AD BC 2'. th* ^A the i_B tRi". 

Make aiu necc'^narv•nlea'>urelm'nt^, ami <alcnlale the area, 

{T heard mil ) 

5. In a (juadnlateral ABCD one diagonal BD paKfow throuf^h X 
the mid point of the other dia^jonal AC l’ro\c that BD biwectH the 
quadrilateral. • 

r». ABCD H A pnrallelo)/ram of which the diaeonalH AC. BD eiit 
at rujht angles. It h reijuired to -iTow that 4 

area of .^ueh a jKtr- ^ (jirodurt of di^iutialf^). 

(i) Deduce this rcnult fror» the furmu\ 

area of any quiulrilnUral \ dviyanal ' (‘-Mia (f iffml'i). 

( 11 ) Obtain the same n^ult <lire(‘t from tlie follnwiny t omdnution ; 
^Through A anil C dia« paralh-N BD . thmu^didB and D draw paralleU 
to AC ; ami ht XYZV be tlie nrUuajU- so forme.l 

• 

7, (iiven the lenuths of th^ diai:onaD <4 a f|U(idrila1eral. and the 

an^le betweem t|j^‘m, pr|f#’ that the urea is the same wherover they 
intersect. * * 

8. In the tra}ie/ium AB€D, AB w parallel to bc ; and X is ^he 

midtile point of BC. Throuch X tlraw PQ parallel to AD t«j meet AB 
ayd DC produced at P «ntl Q Then prove *• 

’ (i) trajiAium AKDD ' par'^ APQD- 

(li) trapezium ABQD -twice t^c i, AXB. 
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THEORETICAU EXERCISKH ON AREAS COJ^TINUED* 

( . {Tri^tnijlfiJt and QiuidnlfUerali.) * 

9. Provo that a p^all(lt)pran) hwoctod bv any htrai(;ht linf> which 
pasHOM fhrnujjli tin' rauhllo point of one of its (iia^oimls 

Holier' hIkiw liow u panilh'ltrgruiM AB^D may be bisected by a^straight 
line drawn * * ^ * 

(i) llinrugb a given point P<. 

(ii) porpr-ndieidur tr) the sule AB f 
(ill) paAillel to a given line QR 

Id If two tiiangirs liuvo >rt'o snlA of one lespoclivc'ly oqnul to two 
Midi's of the other, mid the angles eontaiiii'd by those stdes .'ntpplenH'ntary,^ 
show that the triangles aie eiinal tn ana. Can sneli triangles over Ikj 
ooiignient ? , * 


11. Show that a trapi'ymin h biseited in area by the straight line • 
which joins the middle points of its fnitalhl snles 

f.Ioiii the ends of one of the parallel sides to t!ie;nid-j)oint of the other.) 

12. Through A and C, two opposite v’lirt^ees of a (|imdri1ateraf*ABCD, 
parallels are diawn to the diagonal BD ; and through B and D parallelB 
are drawn to AC. 

Prove that the figure thus foimed is a jxiraUelograrn, and that ita area 
is doulm' that of the r|nadrilater>il ABCD. 


13. Use the completed figure of the last exeri'ise to show that the 
area of the quadrilateral ABCD tlie|iienof the triangle having two sides 
equal to the diagonals AC. BD. and the ineluded angle equal to either of 
the angles betww'n tip' diagi»nals. ^ 

• 

14. Two triangles of eqir.*l,area sfanTl on the same base but on 
opnosite sidi's of it • show that the straight line joining their vortici's 
is ui.seeted h) the base, or by the ba.'ie produced. • 


15. ABCD H a parfdlelogram, aiM 0 i.s any point outride if, .Shoil 
that the .ftoM or dtfferciue of th" .'^'OAB. OCD | . i»ar'" ABCD ; and 
distinguish Mween the two oa.ses. • 


[Use tjtP formula aren of A Thcor*V* Cor. 1.] ^ 

J^6. (i) ABCD ip a parallelogram, ami O is any pi'mt outside the 
^BAD and its vertically opposite angle; jarovc that the AOAC is equal 
to the sum of the A^AB, OAD. 


(ii) If 0 is udihU the LBAD or its vertically opposite angle, prove 
that the AO AC is equal to tno ditiereiAio of th# A* OAB, OAD- ‘ 
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FURTHER EXERCISES ON AREAS. 

U. RKc^yiLiNEAL Figures of Moiy<: than Four 
S lOES. • 

• • 

, ^i) A H'ctilinoal fij^uro niav l)c « 
dindi'd into trinnolcs whoso iiiMs <an 
1)0 Koparatc!'* cah ulalod fniii suitahh* £ 
moasuf<‘nlont.s.* Tho sum of 
areas will b(‘ the I'fca of the j^iveii 
fij^ure. 

EvAMi’r.i;. The nieanuretiieiit.s lequired lo * 
lind the area of the tij,Mjre ABODE i|fe AC, AD, 
aiul the perp' BX,^D Y. EZ. * 

(ii) The art'a of a reetilineal fi|!ur<‘ is also found hv takiiiji 
<i base-line (AD in the diagram helow) an3 ofT.^ids from it. 
Tlu'se divitle tile tit;uni into n((ht-(iHt}U(l liianules and niflit- 
nutfled trapeziums, whose areas ma\ he fouial after measuring 
the olTstds and the various sedions of the hasediiie. 

• • j 

KxA^i’t.K. Findth arcatif^lhi mchsurf ABCDEF from ihi plan and 
mcasurcm'iiti tabukitid fa/oiA 



AD 

.■><) 1 



> 

< 

o 

> 

r)U i 




AZ 

40 'ZE IH 

/ 

z 

to ^ 

YB 20 ! AY 

IH ' • 

/ 



AX 

10 XF If) 


1 

Y 


• ^ 

\ 

V 



• ^ 


A 

y/F 

The measurements 

are made from 


\ 

/ 

A along the baw' liit^ to the iH)intH from 
which the offsets siinng. , 

>• * t 

• 

fi 

\ 



y<l. 


fvi, y.u. 

Here z'.AXFr 

A AXW 

i . 10 y 

ir. 

76 

^ AYB 

.t»AY^YB 


20 

- 180, 

z.DZE 

i.DZ ^ Z^ 

1 > U) ' 

IK 

- 144* 

•cDVC 

4.Dy>vc 

J, tiy* 

12 

-• 30 

trap™ XFEZ^ 

5.XZ>(XF-4 ZE) : 

JyStfx 

33 

- 40.6 


trap™ YBCV . YV yj YB - VC^ i y .32 x^‘2 - 012 

, by addition, the fig. ^BCDEF • 1442 sq. yd«.* 
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• , EXERCISES. , , 

1 . • aroa^ of tin* (i) and (ii) of u-fAch tho plana 

and diinorirtions ate bolow. 

D / • D 

<i) £, 



A 0 

AC d cm.. AD 5 <'in. 

Lcngtha of oiTh('( 4 
in dia^raiy 



AX XY=2j- 
YB-li-" 


2. CalculiGo tho aroa of iho incloeiuro ABCDEF fiorn the plan and 
dimenaioiiM ;^iv(*n bolow. 


Y vBi*'' 

To D 

40 I 

.‘{0 llMoE 
• U to C I 20 

U) 1) to F 
14 to B I ') 

From A 1 * 



3. Find tho artM of tho tit?f?r^ ABCDEF from the following moaaure- 
monta and draw a plan in whuh 1 cm. ioprcHent.s 2t) nietrtw. 

'f'je Plan 

MlrKK>>. ' « * G 


^*'80 to D 
40 to E 
00 U) F 


To C 
ISO 
ir>o 
120 
50 

from A 


5t> to B 
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THEOREM OF 1‘VTHAUORAS. 

/• 

EXFjlCISES LEADING TO THEOREM 29. • 


*In; tjio adjoining diagram, ABC jn a triangle, 
ru]hl-(in<}Wd at C . and s<iuar*'rt sin- di.iwn on ihr • 
three sides. us compare tin- Utea of the njunre 
on the h?'pofenuse»AB with the huw of the iriuan-B 
on the Hides AC, CB wha^i i-onlain the right angle. * 



1. Draw the aho\e liiamni, miking AQ :f em., and BC 4 cm. ; 

Then the wi-a of the stpmre on AC or 1) mj em \ 

■ ■ and the H|nare "ii BC 4*. <■! Id m] < in / 

the sum of the s<|uares -'n AC. BC n<i »n) 

Now infd'iurv AB . lienee laleulate tin* atea of thi* square on AB. and 
eompare the n-Hult with the .tMie a!ieail\ obtained 

2. Repent the ^irocpHs of the last exeHi.se. making AC H*', and • 

BC 2S#. ^ . 

.3. If ( 1 =- 15, 6 —8, r 17, show arithm<-ti<'all\ that <* • It* 

Now draw on sipiared pa|M*r a triangle ABC, whose sides a, h, and c 
are 15 , 8 , and 17 units of length , and ttotisurr the angle ACB. * 

4. Take any triangle ABC. right- 
angled at C : and draw wpiarcH o* AC, 

CB, and on the hypoteiiu.se AB. 

Through the mid»|)omt of the Mpinre 
on CB (i.e. the intersection hf Die dia^ ^ 
gonnl») draw lines parallel and )s-r|K-ii- 
. ilieular to the hypotrnuse. thus dnaling 
the 8(|unre into four congruent ^rjundn- 
Itterala. Thef^, together with the st^uare 
on AC, will he found exactly to lit inla 
the square on AB. m the way ^dicatco 
by corresponding nunil>erH| 


Theao expiciment.s point to the conclusion titat : • 

In any rt/jM-anf/kd trianqU’ thr .scpinrc on*tlv Ayyx^fcww.sr ih 
eqi^al to the sum of the squares on the tether two aides. 

• A formal proof of this thecfein is gi\'c‘n on ih^next page. 
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Theorem 29 , 

Th(‘ square nh fi^i^Ji>f})f)U'nnsr of o ri(ifit-anqled Inanfjlc is equal 
to the sum of the squares on thq other two sides. 



Ijct ABC 1)1' a nf'lit-uii^Icd hdving the an^ln ACB a rt. 

To prove that the squaie on the hi/fmtennse AB = ///f? sum of the 
squaf 's on AC, CB. 

Ojj AB di'scrilx' tlio m(:|. ADEB , and on AC. CB describe the 
sqij. ACGF, CBKH 

Through C draw 6l par’ to AD or BE. 

* Join CD. FB. 

Proof. Ibwause each of the ACB. ACO is a rt. 

8C and CG are in the .same st. line. 

^ « 

Now the It. ^dAD-tho rt. lFAC; 
add to eaeli t^ie _CAB : 
then the whole _CAD ^thij«jvhole .-FAB. 

Then in the.VCAD, FAB, 

{ . OA = FA, 

because! AD=AB, 

[and the ircluded ^ CAD = the included ^ FAB ; 

theftrianglea are congruent, and equal in area. 
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‘No\^ the rect. AL is double of the CAD. bein^ on the same 
base AO, and between the same par*’ AD, Cl!. J 
And the h^..GA is doubh' of the J^Afl. b»*iiig ^n tln^ same 
base FA, and between tlu' saim* par'* FA, GIS.^* 

^ the n'ct^ AL -tin' s<p GA! • » 

Similflrly by joininj^ CE, AK. it ean i^e shown thaj- 
. tin* reet. BL -llie wp HB. 

.■*. the whole scj AE -llie sum of tju- Mpj. GA, HB : 

that is, the square on tin* l»'poteipise AB tin sum of the 
squares on the I'^o sides AC, CB. 

g.E.T). 

• . 

• Obs. This is known as the Tln'oieni of I’vtha^oras. a 
celebrated Greek inatli*'mati<Man of tlie sixth <'enlnry u<’ 

The result estAbli.^^lied may be state<l as billows : 

* AI2^ BC^-fCA- 

That is, if thi' side.s eontainma tlie rij^ht an^h* measure a 
and b units of length, and tlie hypotenu.se r units, • 

- -(l^ V //. 

Hence =(;2 _ // . _ ^2, 


Note. The follov*ing imporliint re^nltH hIhiuM hT* 

If CL and AB mUTHcet in 0, ft bah in tlie uairw* of the 

proof that 

the .)»] GA the reet*. AL , 

that IH, AC* the »rcp eontamed l|;, AB, AO (i) 

Abo the «(p HB the ns t. BL , 

that w, BC* thfVect. contanusl hy BA. BO (u) 

[For 'Numerical fCxcrcisea #n Thcon'm 29, act* ji. 141. • 

For Theoretical Excrewea, sec p. 142.] ^ 



HO 


(IKOMETHY. 


Theokkm ‘iO. ^ 

ff th :s' tfin otiir sulr of n (no mile ?.s rfitinl loathe sum of the 
s(in(ires 0)1 the otffef tiro sides, the niufle eonktnied hi/ these two 
sides IS n r\}ht indjle * 

A • ‘ D 


B C ^ E F 

Ijot ABC l)«‘ a trian^rlo in whirli AB“ ^BC- -f^CA^. 

To provf* thdf^he is <i rii/hf oiufle 

Makr EF r.jual to BC 

Draw FD [M'rp. to EF, aiul inalo' FD vqual to CA. 

Join ED 

Proof. l^rraiiHf EF BC. ami FD -CA. 

EF“ BC^ ami FD2-CA'“. 

Iloti.c EF’ * FD'^ BC- ( CA-^. 

Now EF2 I-FD2 DE-. r^'mee tho _ F is a rt. _ ; 

ami BC- ^ CA'^ AB-. 1)V hypothosis ; 

, DE- AB- ; 

^ ^ DE Aa 

Then in tho ACB. DFE, 

. 1 AC ,DF, 

hocauso Crf^FE, 

’ anil AB --= ^E . 

tho \* are oon^ruont ; so Jiiat tho _ C - tho ^ F. 
But tho lF is a right anglo. by construction ; 
the _ C is a rigJit angle. 




g.K.D. 
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NUMERICAL EXERCISES ON TU?:0UEMS 2 \), 30. 

• k * 

1. Draw a ^jiangh* ABC. right-angled at C, having given* 

(i) (I cm., 6 4^111*,^ , * * 

; (ii) fi !2 .'> cm.. ^6 (i O cm % 

^ On) .1 i2\\ h :\y ' *, 

In eacB c^sc e.-ihulate tlu' length <>{ the li\jMttemiKc c, and verify 
ymr lesiilt h\ ineaHureimnit * • * 

2. Draw a triangle ABC. right-angled at C. having gi\en • 

(i) c 3 4", II Piohlein M.j 

(ii) c .■> 3 cm . ^ t ."> c]n. 

. In each ease oalefllrtte the remaining ‘ude. and \irif\ \unr reHull by 
moaHureinent. 

3. Deternuno mIik h <4 the folluaing angles are right angled • 

(i) 11 14 cm., h IM I m . r .'>(i i in , 

(11) (f 40 ci»., f) 10 cm ,1* 41 • III . 

(ill) 11 * 20^ 111 , fi IMi em., r 10] (111 

(Suire ffir folioinmi t xawplf Urj < <i!i iilatton In tndi rnvr ditur u plnti, 
and thr cnlrithtUd rrsnlt oij tma^nn tnmt ) 

4. A ladder nliose fo'-t js <> feet fi<<ni the from of a house reacheN 

to a window -sill 40 f<s‘t above the ground What is the length td the 
ladder ? i 

.'). A ship sails 33 inilcH due South, and then ,'»(> miles due W'ent 
How' far i.s it then from ifi Htarting-i^unt ' 

ti. Two ships are <d>">er\ed from .i signal slation.^o lu-ar respeitivcl\ 
N K. (I'U km. distan#, and .N.W. 1 1 km iJistant How far are tlie\ 
apart 1 * , 

7. A lailder (id fejt long re.iches^o a ]ioint in tfie face of n houw 
63 feet above the ground Hi>w far is the fmit fioin the house ? 

> • * • * 

8. B w due Kasf of A, but at an unknown distance C in flue South 
of B, and distant .m nietie.s. AQ i.s kno\fn t<i be 73 mitusi. Kind AB 

9. A man travels 27 due South : then 24 mile« dmv West , 

finally 20 miles due North* How far i« he from his stmting-pfriit ? 

10. From A*go West 2.') metres, then North 60 metres, then KatH 
80 metres, finally South 12 nrt’tres How far are \<iu then from A ? 

U. A ladder .dO feet long is plnersl Sfi os to reach • window 48 feet 
high ; and on turning thir ladiier j»\er tlit other side of the strcTl, it 
, reaches a jwint 14 feet high. Fiml the breadth^jf the stj-eet. ^ 

• t 
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FURTHER EXERCISES ON THEOREMS 29 , 30 . 

1.* ABC 'i8 an i8oH(’cl(*8 triangle, right-angled at C ; pf»ve that 
* “ - , ' * AB^ 2AC* 


2. ABGOMs a giVcn 5W|uare, an<l AP^C is the square on the diagonal 
AC. Provo by Theorem 2’.i that the sq! APQC is double (Sf the sy. ABCD. 

Illustrate this from a hgtre. bv showing that the sq. ABCD ~ twice 
the /\ ABC, and the sq. APQC 4 times the ,X ABC. 


,‘1. If ABC IS an tsjuihi oral triangle, and AX the perpendicular drawn 
from A to BC, show that 

(1) AB 2EiX ; *(ii) AX® ilBX®. 

4. How would eon draw a square of whi<-h the area is crpial to the 
sum of two g^V(*n scpieres ? 

5. In the ABC, AD is drawn jierpendieular to the base BC. If’ 

the side f iH greater than (f, „ 

show that r® BD® DC®.' 

0. If O is any [loint within a rectanj/ietABCD, prove that . 

OA»'OC» OB*+OD». 

[Thi lughO draw XOY iKTp^ to AB or DC.] 

7. ABC IS a triangle tight -anizled at C. and the sides CA, CB are 
intersoi'ted by a .straight line PQ . join AQ. BP, and prove that 

AQ® ^BP®’-AB® - PQ®. 

8. ABC IS a triangle right-angled at C, and X,‘Y are the mid-pointa 

of CA, CB ; show that . 

4(BX* , AY*) .'lAB*. 

1). If from any {smit 0 within ^a triangle ABC, perpendiculars 0^, 
OY. OZ are drawn to BC, CA, AB re.speetivoly : shoa that 

AZ* + BX' » C Y® jAY® s CX» ^ BZ®. 

10. the figure of Theorem 2t\ jtiin CE^nd prove that 

^ , CA* + CE®-CB» t CD*. 

w 

11. In.Thetirem let CL and AB intersect in 0. If the figure (on a 

blackboard) is nabbed out, leaving only the rect^uigle ADLO, show how 
to i-e-oonstnict the whole Prob. , 8 , p. 110, observing thaj^ 

the hypotenuse ^subtends a right angle at a point on the semi-circle.] 
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JIXERCIS^S *0N THEOREMS 29, 

i^ove the following formula : / • 

^ diagonal of square -side x \ 

If the side oni., find the length of the diagonal u» cenlin^'treB o^frect 
to three signifioant figures. » • • l 

•Why. irt it impossible t(» er])re«8 the length <tf^Jie diiigoiml exactly in 
terms (rf centimetres and deeima|,s of i eentimetre V*, , 

To what degi^i of aeeurney enA the diagonal be so expiessi'd ? 

lObserv'e that though the aide and diagimal of wjuaie eannot l>e 
exaetly expressed anthnu^iically m terms of ji nunmon unit, tbe\ ean in 
theory he exactly drAi'n and oompaie<l grotiidro'idly.i 

n. ABC i.s an (Mjiiilateial triangle of whuh eiuh side 2»i units, 
and the perpemluulitr from aiu vtilex to Jbe opposite' suit' p. 

» Prove that p «i 

When each side H cm . find /» correc t to tbre<‘ sigyficant figures. 

What IS meant h\ saMiig that and m are inroinnnusntiihk ? [See 
p. 122.] 

1-t. If in a triangle a tii* n*. If 2»/e, c ?)»* . n * . prove nlgchraic- 
ally that r* - u* 1 1)%. • 

Hcnc«>» by giving various numerical values t<' m ami v, find w'ta of 
numbers rcpn^senting the sul.^ f»f right-angled triangles. 

15, Work through the following veiilication r.f the Theorem of 
Pythagoras. 

In the adjoining figure ABC 
is the given t rt -angled at C , 
and ABED is the set on the 
hypotenuse AB. 

Hy drawing par'* to BC. CA. 
as in the fig., it wjl l>e sc'en 
that the sq. ABED is divided * 
into jCfiir rt.-angled to- 

gether with a central scpiare 

Prove that these four are , 
ct!>ngruent, anil express the 
area of each in terms of a ^ 
and b. * 

Express the central scj^re A 
in terms of a and b. lienee 
show that 


D 
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GEOMETRY. 


[The method given below may be omitted from a first cOursd.] 


* , . Ai>K4 of a Triangle. 

Gi.vfti thf' the three of a triamjle, to calculate OCe 

AREA 1)1/ mehns (f'Theoret)} 2!L 

Kwmim.k. , l<'in(ljhc art'll if'‘ii Innvtjle whate side.^ me\i,nire 21 rh., 17 m., 
uitfl 10 in. , 

Lot ABC ro|)roHoi\t tlu“ i^ivon 
trianj^lo. « 

hniw AD i)('r{). tt) BC, uiul / 

iloiiotr AD hv /*. - 'in/ 

Wo shall first find Iho longth / /* . 

nfBD / 

Li't BD r molfOH ; thou DC 

21 / inotiV's B ' D St--"* C 

From th(' •ani'lod . ADB. 
wo luivo hv 'riiourt'in 2i> 



AD* 

AB* BD* -10»-a;S^. 

And from tho n^ht unulod 

. ADC. ' , 


AD* AC* 

DC* -17* ^'(21 /)*, 


Id* r* 

17* (21 - /)» 

r 

lOd 

2Sd 111142/-.!*. 

whence 

r 

<5. 

Attain, 

AD* 

AB* .BD*. 

or 

/>* 

lo* (>» »;i ; 

Now 

P 

area of Imniijlr 

8. « 

.1 . fta.'tr altitude 


t 

( J ■ wl ^ 8) si|. m. i4 fki. m. 



EXEROirfES. 

1. IR a triaujjlo ABC, AD is d\a\>n |)erj^ndicular to BC. 
djinote tho length AD 


(0 If a '2i> cm., p- 

12 cm., BD"-!) cm. ; find 6 and c. 


(u) If 6 f 41', r BD - 30' ; find p and a. 

*! * r 

.\nd prove that sTi* />* * sV* - p* ^ a. 
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I 

•2. In the triangle ABC, AD w drawn’ pcrjKnuliculur to BC. Prove 
that I ) 

' c*-BD» 6* CD*. 

'» ■* 

If a - iil cm., i~20 cm., c 37 cm. ; find'BD. ^ ‘ > 

‘ Thence find p, the length of AD, and the area i>f the tnaiigh* ABC. 

Find by thci method of the ihst K\erci«<' the area of ti\c IrmnglcH 
whose sttlea-tiro as follows : 

* 

3. 20 ft., 13 ft.. 11 ft.’ 4. ir» yds.. 14 \ iU , 13 \(k 

ti. 21 ra., 20 m., 13 m, 0. 30 cr^ . 2."» em . 11 cm. 

7. 37 ft., 30 ft , 13 ft. I H. .'■^1 m.. 37 m.. 20 rn 

A. straight *od PQ slides helween two straight rulers OX, OY 
placed at iiglit angles to one another. In oiu‘ ^sisUion "f the rod 
OP .VO cm, and OQ, 33 cm If in another poHitioii'.OP 40 cm,, 
find OQ graphically; and test the aemraev of your drawing hy 
calculation. 


10. ABC IS a ^naiH'lc right-angled at C. and ;» is Ih* length of the^ 
perjiendicular from C on AB H\ e\|ue.s.Mng the atca of (In* triangle in 
t^'o w'ays, show that > 

jH- ah. 


Hence deduce * ♦ 

p* fr fr 

I 

11. Find by the method <if tlie pre<c<lnig jiage tli<‘ areas of tlie 
trianglcH whose sides are as follows 

(i)fl 17', />-Kr. r ( 11 ) r/ 2.^fl,/> 17 fi . r I2ff* 

(ui) a -41 cm., 2M eni . r I.'mui (i\)'i IlTvd.r l.lyd. 


12. In the figure of the preceilmu' paje, if the gi\en sides are u, h ami c 
unit* in length, prove 

a* 4 r* -/>* , . j j (rt* . r* 6* | * 

(0 7 ' - ’ VO P* '•* I . I ’ 


(Ui) A c)t h ^ c)(a h * r){n . h f). 


S.Sh.O. 
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• StoldNMi. (CONSTRUCTIONS* 

tf 

On AkV:as. 

f 

PROIILKM 10 ' 

To draw a tnamflc tqiml in area to a giirn (juadnlateral. 


D 



A B X 


Lot ABCD })(' ilio s^iwii qnadrila^olal. 

To consfraci a (iiainjlr (({aal ni arm to ABCD m arm. 

• 

Construction. .lorn DB. 

Through C draw CX par' to^DB. inn'tiug AB produced in X 
.lom DX 

< 

Thou D^X IS I Ik; rcquirovl ttianglc. 

Proof. Now the ’ XDB. €DB arc on tltf- same base DB and 
between tlu* s;une,par'' DB. ;» , 

the \ XD6 the^' CDB in area. 

To each of these equals aijit the DAB ; 

* * 

^then the .\DAX -=the fig. ABCD. ^ 
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EXERCISES. i , 

(N.Ii. (iilt the con.ttnictioii in rnrh ^ full Jut maJ }tr<Htf^f> miJy 

miuired u'h(n ‘iptcutUy asked for hid i/i fun/ ^itt/ji/ilr uir itoAon fn (hr 
co)(i<trurt{on .should he bnrjli/ ixphnitf^l ) 

1. Dtaw a^s<mnr(‘ on a « in , and ninlvn a p^r*llol<i>»iain nf 

equal a»ea.on tlie same base, and lia\iiiu .in an;.de <.f ^.V 

Find (i) bv eafeulalion. (ii) bv ineasiiielieiif llu'Weiijjtl* of an oblique 
Hide of the parullebjgtu^. 

2. Draw any parallelopram ABCD m wbub AB 2r and AD 2'', 
and on the base AB draw a ihoinbu- i>f eiiuafuiea 


ABC fs a ):i\en tiianj-de fthow h'(^^ to dr.iw on the base BC (i) a 
n^dit-anjiled tnaiifle ; 0>) i''OM eb >» inanule, i'a* h tqiial in aiea to the 

, f ABO. 


4. TliroUt;}! A, the \eite\ of a ABC. draw afliamijl Inn- dividinf; 
the ^iven tii.inL'b into twi) tiian;:hs of eiju.d uea When Mill sin li 
triangles be eonyruent ? 


T) I‘ro\e tliat a tiiantle and a paialleloLMaiii are ('qual in men if the\ 
have the same aliiUu^-. and il the base of the tii.ui^de is tlotible that oj^ 
the pa|alh'lo;^rani. 

lienee sliow how to dia\An isovec los triamtle equal in area to a given 
rcetanglo. 


(), From the niljouiing (lu'uie d(\ise a «on- 
Rtniction foi drawing a rectangle «s|n,d m area 
to the ‘ ABC < ii\e a fotmal pioof 



7, (‘on.stniet a triangle ABC ui wbi'h a 
cm. ; and draw a rectangle* of ccju.d .in.i 



X c 

7 <» ein . I (hi? 


H, Draw an equilateral tna»itrle ''i^^.side of 2 and foUHtruet a 
parallelogram of e([tial area .uid haMiiu on*' angle ccpial to 12(i 

• t E 


• 0. Fn^Pi tlie adjoining figure 4e\isc- a <on * 
Btniction for drawing a triangle equal in area to 
a given . ABC. and hiuing itsjjdiw BD*o1 given 
length, (D lie« m BC. (g BC produced ) 



10. Coiuct^iet a triangle ecjual in ar<‘a (o a ti^iadnlateral ABCD, 
having it« vertex at a givi4i jioint X in DC, aiej itn base in the wimc ^ 
straight line as AB. • 

* [Through C and D draw- CE, DF |*ar' 1<^BX and resyK-etively, and 
meeting AB pnxluced'in E aifll F. I'rove that EXF is the triangle 
required] 



148 • 


GEOMETRY. 


UEnUfTKW OF A (iECTILINEAL FlGURE TO ^ TrIAN^LE OR 

• • ^ JlErr.\NGLE OF Kqual Area. 

By the MK'tluxl ]*n)l)loni 10 it i.s always possihir to draw 
u polygon ('<[iial iy arni t<j a polyjfon, and having’fcVor 

sidi's by ont' than tin* j^ivcn ti^'ufy , and thus, «ti‘p by’ step, 
any poly^oH ma}* bo rrdfccd tn a trianj»!o of equal area. 

For <‘xan)ple, in the adjoining; dia«;ram * 
the five-sided lif» EIJCBA is npial in 
area to the four-sided lij' EDXA.^ 

T1m‘ fi^'. EDXA may now be redu(*(*d 
to tlu' eipiivaleiit DXY. 

EXKIU’ISKS 

1. Draw a (|uacin!ateial ABCD l!<>ni iIm' fitHnwiti" data: 

AB BC ."».*» cm . CD DA t <111 75'^. 

!1('(1uc( 5 the (jiiadi ilaUa.d tu a triaimlc (j4^H|nal aicii .Menture the 
base and altitmh- of tlm luanele . and itema* cal< nlale the ap)>re\imate 
area of tlie uiven tiiiuro 

2. 4)raw a (|nadrdat<'ral ABCD liavm>» given ; 

,^B- 2•8^ BC :t2*. CD :i :r. DA a-tr. and the diagonal BD :V0'. 

(’onstriut an ennoah'nt triungh* . ami hence find the apjiro.ximafe 
area of the qnadtilatmid 

;i. On a base AB. t »m in length, des<'tib(‘ an eipnlatmal pentagon 
(n sides). Inning eai^| of the angles .it A and B lUS . 

Uediiee the tlguie to a tnangle of equal aiea mid hv measuring its 
base and altitude. <‘ali'ulute ,appio\'iniate luca of the jHmtagon. 

4. A quadrilateral field ABCD^has the follow .i^g measununents 
AB 4r)n meties, BC 3sn m . CD Ifin m.. AD :)1K) m., 

and the diagonal AC '<»bu m * • t 

Draw a plan {scale I cm tp .">0 metres) Iteduee vuir plan to an 
ispi\alent triangle, and measure its hnje and altitude Hence estimate 
thf‘ area of the Held. ^ 

5. If*' what steps would you reduce a n^'tilineal figure of four or 

njore siifes to a re^angle of tspial an'a ? ^ 

For exaiujile, iiraw a six sided figure, (hexagon) having each aide 
2 inches ly length, a^id each angle 120 ; and reduce the hexagon t<» an 
equivalent triangle. 

Hence construct a reotonjj^e of equi^ area. ^ * 

Deduce the approximate area of the hexagon, after making an/ 
becesaary measurements. , 





On the Construction of a Kectancuk of ({ivkn Area and 

, HAVING ONE SiDE OF (ilVEN LeN<;Th/ 

Preliminary Theorem. In AC, jAlmijovaf u{\\\v m tan^lo 
ABCD, tako any point K ; and tjirou|»l) 

K draw EF, I^G j^ar' to AD uiVi AB. as in 

tho ad^jininj' ^ P 

Now ohsiTVt' tliat^tln* diai^onal AKt ^ 
hiancts oacli of tllr rrcts. EH. GF. BD , ^ 

and hi'ncc jirovo that (ha rc'ct. EG tlu- , 
ra.ct. HF in area. 

This property. \\hk'h i.s (a^iiinonMo ^ G C 

all paralh‘lop;raiTis (s»*a Kx 1. p l'io|. <‘nahl('s us to construct 
a rectangle equal in area to a given rect^gle and having 
one side of given length. * 



Vi»i e.xaTni»h‘ . L*‘t EBGK h»’ ihc ^'u<■n irt hini'l'' li;:urc alxivc) 
whose EB, EK aic << and h uiiiK in li'n-.:tli Pt'tunred to construil 
a nx'tnnulc of ('qnnl <»»‘a and h.uni;: om side j ninth m icnutli. ^ 

J*roflu(<* BE to A. nuiiHig EA r units in length. Join AK. 
Produci' AK and BG to ineet^t C Thunich A draw a par' to 
BC ; and through C draw a^mr' to BA . I< t the.Ho par" meet 
at D. Produee EK to fnetsUD^J F and prodme QK fo meet 
ADatH • 

Then, as aliove. tlie reot. HF^tle* rett. EG in urtui, and 
one of its sides HK x units d Icijjjtli. 


EXERCISES. 

1. .Draw' a reotan^rle ABCD linMni* aS ' s cm .md AD H cm. ; and 

eonstnmt a of f<jual area, jiaxiia* one side t; t rn. in lotiKtli. 

2. (tivon a paralUdo^rain A^pD. in wliicli AB 2 4’, AD I ‘8*', and 
the LA o.V, Consiru. t a |MralWo^-^^un cquiuft^MiUr to ABCD and of 
equal area, the greater side me.'uiurin;' 2 7". Mcasun the shorter side, 

Re|)eat the proo<«s pninn t<|A an> other \alue . and compare your 
rcaulta. What coneluftiou do you draw ? 

3. Draw a rectangle mi a side <if .7 cm equal in area tf» an equilateral 
triangle on a i^fle of ti < rn. Measure the rernaining (ude of the rcetangle, 
and ealeulate ita approximate area. 

4. Draw a quadnIaU'ral ABCD from the following datai LA'^fK)'^, 
AB 7 7 cm,, AD 3 d « m . BC OH cm . DC o I (tn. 

« Conatruet a triangle wf espial . aii«l*lien<e draw a rwRangle equal 
in area to the quadrilateral ABCD, ami having one rti(|^' 4 cm. in len^|^. 




150 


GEOMETRY. 


M ISr FII.LA N E( ) US CO .VSTRUCTI O NS. 

.1 ^ , 

1. Hraw on a dMiroiiivI uf ti citj. Nlmw that ca^'h of jts skIps 

IS .'J rm. in Irn^dli, A»«t its .u<‘a is IS rt(| cm, 

2. Di'au liianjric <ffi a ^iso of H cm. ; ami constnicl a 

parallf'loj'ian? of the saim' altitmlt* and aica, and h.iMni' t#jc aiif^le 120®. 

Siiovv that yy'if coj^stnn t»o| di\ ides the trianylc mtif two parts which 
may litted toi'clhcr over the paialleloj'ram. , 

How woiiltl \ou dra^ a sipuiie e<pinl m uiea to the huiu of two 
S(|uar('S ? 

If the of tlie two s<|u.ireii ale ;ttiC,4| cm. and (’4 sq. cm., construct, 
a H(|naie of area (sjual to then sum Mea.sure and calculate its side 

4. Kvpri's.s the mii^her III .m ilu' sum of two s<iiian' nninhers ; hence 
show how to .Ifaw a '<(piaH' lontainiii'' IS s«juaie im lies. Point out in 
your li^uu' a line icpiesent*‘d 1>\ \ |.{ nu he.s. 

o. ll\ tin' method uf thi* last Kxeicne draw*!ines that may be tepre- 
^'litod hv (i) s'lO, (n) \ 20, (m) \'':4 units * * 

• « * 

<1. Uy means of Problem H. p lio, xhow how to construct a scjuare 
et{ual in area l<i tin' ditlcience between two ^ri\en .s<juare< 

The of twoequaies^iie 2 in and 0 7 in. . «oiiHtniet a square equal 
in area to the ditfereme of the two scpiaie.s. Verifv \oui (Irawing by 
iifi'a.surement ami eahul.ition. 

7. From the liunire m tin* m.iicm show 
•flow to divide a I'lven stiaiuht line AB into 

two parts such that tin' sum ot thmi s«juaie.s 
ma\ he ('(jiial to a ipven s<nian' 

[Suppose AY siilo of uiv<ii*!iftU’'''e. *and 
X IS the required point of division Note 
that XY must XB. s,> that _ X&Y must 
Hence devisi^ the required ^on- 
struetion.J * 

For e,\ample : Diviile a line 4«‘r in leimth into two parts bo that the 
sum of their SKiuares ma\ Ih' e<\ual to tlu^stjuare on a side of 3‘4'. 

8. Shvtw how to divide a straijilu Ifcic AB at X, so that AX* -2XB*. 
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• * • 
# 

9. Sj>o\v how to draw stiaight Imoa >\h<»ic*k*ngth.s may bo rcproscntod 
by \^2, \^;L n''4, \^5, ... y 

[Take OX, pY lit n^dit anjilea to 
one another, fnd from them mark P 
<1^ OA, OP, each <tn< unit of length. 

JfJin PA, ami j)rovo PA \'2 • 

KromOX majk otlOBefiual t\PA. 

-iom PB.’iuifl prove PB s':i. 

KnnnOXnmrk otTOC,e(pial to PB. ^ 

.Iom PC. and provA PC \'4 liy 
eontimiihg the procoBs ImoH repreaented by s^t>, n- 7. bo 

drawn.] 

« 



10 Draw a ' ABC m whi'di n s em . h i> « m . 7 etn : and 

divide it Intojiw triai\i'lc>, .if t cpial .iiea hv ■^tiaii.dit lines di.iu ii thioiij^li A. 

• . 

11. From a jjiv» n ABC < ni oil ouc IkiIJ by a sti.iijjhl line drawn 
thiouijh P, a point in the side AB 

iliiBo.-t AB at Z doirtCZ. CP TlitoiJL'li Z dmw ZQ par to PC. 
Join PQ, and Hho\| tlui»( . PBQ j[ ABC i , 

12. Show how to trisec # 1 ^ [;i\en ABC In Im"* drawn from X, 
a point in the aide BC 

[Trisect BC at the points P, Q by I’toli n -Iom AX. atid thronj^h 
P and 0, draw PH and QR paU to AX .loin XH,*XK TlxAe hm s 
trisect the tnaii^de, as ina\ be '■hown b\ joiniui: AP, AQ • 


IT Cut of! from a i,n\en tu.m-le .i f-.nrth liltli. ‘•ivlh, or anv part 
requireil by a .straight line diawiT from a ^ivn point in one of Rsami 
sides. 

» 

14. Bisect a quadrilateral by jfstraigl^rtme drawn through an angular 
point.* 

[Redure the qumMatetal to a tPianude of (m|h,iI khm, and join the 
vertex to the middle iioint <•( tlufcb-VHc 

1."), Cut off from a given qimdnlate»il .i thud. .i fourth, a fifth, or 
any part required, bv a ntraight line drawn thiough a given angular 
iKiint. 
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I^ISCELLAl|EOUa EXAMPLES ON SECTION II. „ 

1. ^*11 a (|iljulrili^t<TaI ^BCD, tlio Z.A IMF, and the dr\gonal BD is 

|)Pi’{)OtulnniIar one the Hides. Show that the siiiiare on the longest 
Hide of the ((iiadrilateraJl'iH equal to the sum of the squares on the-otjier* 
thriM' Hides r J * » 

* * » 

2. The Hides BC, CA, AB of a tiianglo are pro<lu(;ed to D, C, F, sr) 

that CD BCi AE *CA, BF# AB. Trove that the area of A DEF is 
miveii times tiu' area of \ ABC. * 

3. 'Fhe Hide AB of a [xuallelogram ABCD is produced to E. ’ Prove 

. CEDt.'BED .'AEC. 

4. In a quadnlaleral ABCb it is yiveii that the diagonals are at 
right angles, and also tliat AB" ) BC* AD* DC*. Provo that AC 
blseetH BD. 

5. 1'he Hides AB, AC of a triangle aie at right angles, and squares 
ABDE, ACFG aie deseiihed oiitwaids on tluMii ; if DE. FG are ])rodueod 
to nu'et in X, pio\e that XA is |»erpendicnlai ty BC and equal to it, 

II. ABCD, ABEF are parallelograms with a (■oiuif.on side AB. If 
UE. DF an' joiiu'd, nhow that CDFE is a fiat allelogr urn. and li'iat its 
mea is either the sum oi the dilTereiuV ^>f the areas of tho given 
parallelograms, 

7, ABC IS a trijMigle in which BA. CA are [irodiieed to D and E. making 
AD equal to AB and AE equal to AC If P is any point m BC, show that 
tht' sum of the It tangles PAD ami PAE is constant 

S, An iMpiilateral triiingle ABD is desenlM'd on the side AB of a 
^‘nangle ABC, right angled at B (D LAluig oiithide . . ABC) ; prove that 
the area of ^ DBC area of \ ABC. 

H ^ 

9. ABCD IS a a|uare, M arvl R ,tre,the mid points of BC and CD 
respeetivel\ . Show that , AMR**is three-eight h.s of the wjuare in area, 

10. A haystack, of wliieh the ed!)e of the thateff is l.T ft. vertically 

above the ground, overhangs it.s base U\ .‘I ft measured horizontally. 
What length of ladder will la* rnpnnMl so that it will just reach to the 
edge of the thatch, if placed at a point on the ground 11 ft. from the base 
of the haystack ? t 

11. ABC is a triangle having AB^ AC, P*!* any point on BC; PX 
and PY an? i^erpendieulars on the .•<ides AB and AC, Py c-xpressing the 
aref of the triangle ifi two w'ays, show that the sum of PXbnd PY is the 

^ same for all positions yf P. ^ 

12. roiis\ruet a*parallelogmm with two adjacent sides 3 in. and 2 ip. 
long, the distanee between the longer, sides b^ing 1-5 in. Find the , 
distance between the other two luiraileis. 



•misciIllaneous examples on section ii.# 


J6J 


J13. ^BCD i8 a Hquaro on a aitL* of m mAirs. On the suiofl AB, AD, 
CB, CD^rc8j)ectivcly junnts E, H, F, G an* taken jo that 

^ AE AH CF CG ».»». / 

Show that ctGH is a rpctan>j;li' the area li \^neh w^im^wjiiiue inehea. 

14. ’If two unequal right-an>!leil ^nanples A^. ADC aie draw n on 
opposite sides of tlieir cominto^ hypotenuse AC. *11101 il*^, CN are 
{lerpendipulars^o BD, cuttiuj^ it m M, N, pro\<> th.it 
BM**BN' DM*'ON‘. • 


16. A parallelogram has sides 2’ and 3" lonu at an angle of 4.')“. 
Construet a rhoinbu.s of oipial area. Find the aiea (((ne^t to the 
nearest tenth of a square ineh. 


16 Construel a triangle ABC\hoM« fldes are 4 ein , :C4 t m,, and 
6 3 cm., and find R jioint P within tin' tii.ingle sinh th.it the triangles 
PBC, PCA, PAB are equal in ari'ii. 

17. ABCD, AEFG are two parallelograiiiH haiing a t^omrnoii point 
at A, and having the vertex E on BC. .ind the \< ii« \ D on FG. Prove 
that the paralh’logram-s are equal m area (I’roduee DC, GF to meet 1 


18. AD, BE, Cf ar»inidiaiH of .1 ABC. nght-angled at B, and they^ 
nieetatp. Prove that 

(I) AED - ’ reet. BC , (n) AD' EB' . 3ED'. 


19. ABC IS a triangle in whi<h LB lo , uC 
|)er{)cndicular from A on BC. Prov<* that 

2AB* 3AC* lAD*. 


(id , and AD is the 


20. Construct a trapeynini wlmse sides aie Id, 7, •> un in lengtli, 

having the first and (hini sides p.itallel ^ 

Measure the height of the trape/min .md find its area. 

• 

21. Construct a*parallelograi^ on ,i h^e of :r. with diagonals and 

3 2". .Make a triangle of the same aita on the same base, having an 
angle of 4.6". ^ ^ 

22. Construct a quadrilateral^BCD having AB 2 (1 cm., AC ■ 6 cm , 

^LABC-IOS". Z.BAD 130 , -CCTA tMi . ’ , 

23. Construct a triangle er}|tii m area to the quadrilateral ABCD, 
having AB as one side, ar^the ojqiosite xertex on BC produced. 

24. Construct a qmuTnlateral ABCD fnini the ffdlowing (At a : 

AB-2*, AO- 3', /.BAD 5KP. the diagonal AC» 3}*, and the aaea 

of the quadrilateral w 6 sqtfhre inchi*s. .State the^eoiiHlruetion without 
proof. ^ » 

'26. The medians diywn froip the poiats B. C of the triangle ABC 
are at right angles; show that CA' -e AB' -6CB'. 
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SECTION III. 

Loct. 

• r O 

Dkfi.n’ition. Tttoilocus of :i point is tlu* path traced out. 
l)y it when i4 mo Vi’s in accordAiuc^with some givcu conditibn. 

Kvami’I-k I., SiipyiHcllH' {v»intPtonn>v<' s<*that 
Its (listatico foiin a lixoU pufnt 0 is constant (^ay 
1 I'lMitiriK'tn'). 

Then t)u‘ Inens nf P evidentK the circuin- 
fereiK'o of a eirele whose eeiitie is 0 and radius 
I > in. , |. 

Notne (i) that everv point whone distance from 0 Is^ 1 cih. 
is on the cir*umfi?rcncc ; (ii) tliut t'very j)oint on the circum- 
f ere net; ni 1 cm. distant from O. 

P 

Fa vmi’I.i' ‘J. Su[)i>ose (he pom( P niovi'a 

a eoiistaiit distaiKe (say 1 ein ) from a ^ i ‘ 

h\eil stiaiylit lnn> AB. j C 

Then (he loens df P is one (ti other of . . 

two sdai^ht linos paralhd (o AB. on ^ ® 

either .'^d»‘, .md at a dist.une of 1 cm. 1 

from it. j 

P 

When we find a series of jioints whii’h satisfy the ^iven e.on- 
“d-lition, and throiij^li which tlnaVfore the movinj^ point nmst 
pas.s. w(' art' said tt^plot the locus of the point. Having jilotted 
a suttieient mimlier of siiel^ points^ we ina) (‘rtnnt'ct tlit'in by a 
continuous line drawn fre(*^hand. This line represents the 
n'tjuired locus. , . 



Kw.mpi.k :}. A and B nie (wo fxt^tl 
points. P IS a point that iiiove.s so that m 
all posit lon.s the ...APB is a rii^tit angle 
riot the locus of P. ‘ 

Throuj^i A draw a senes of stnught 
linos, say at intervals of 1U\ From B 
dr*w' a porpoiulieukir BP to each of the 
lines tlmnigh A. We thus got a saniofl 
t'f p(*int.s P.»all of whu'h ho on the usjuired 
ItK’us. This locus ^ill Ix' found to bo (ho 
ciroumforonoo of a eirclo the dk- 
n^eter AB. 




EXK1U'1SE3. 


[N.B. SquartM (inch) jMijKr moq In n.'^fd^niih d/fiaiM/n/i for mnni/ 
the fnlloicinq »\rfrrist'<. i '^pccinUt/ f^if thn.-,f a m m < of }nr- 

pintticHlors art lo hr drown to o f^td ^oiwntol nr ifrtical 


I. Afnii; a s1r:uy:ht luloi, inarKrd AB in tlic 
tifiuic, h1uU‘ a M t square so that one sale i miliun- 
in^' t))e aniile Jvcef« apiinst ihe stiaipht- 
eii^zr JVatfli the oppoHite \(rle\ P. What 
lueuM doea it Iraei* out, and why ? • 



B 


2. Slide the net ^juare aloni; the niler s* that 
the, hypoteimse ki'epH in lonta^t with the 
straight ■•od''e A^iain W'ateh tin* verti \ Q, and 
say vrhat locus it traces out, and whs 



Ilf Mow many points emild be ploit4»i at a dislaiu'4; of ciii from a 
fixed point 0 '! On wha^ line would all these pfunts he T I)raw the 
line. • • 0 

1 

4, From a i:i\en poMtn .iK)*a )M unt P nnnes along a stiaight line at 
a uniform rate of 1 cm per second, hut m an inikhoini dindion. On 
w’hat lino must P he found at the end of i: n i oikIk y 

• • 

5, On wpiared paper rule a vcrtual stiaiyht lim AB , and (i) drav^ 

the locths of a point that moves on tlie tight of AB. K«c[.mg at a distami 
of fl cm, from it. (it) Ornw the ha uh of a f>oint that rnovea on the left 
of AB, keeping at a distance of .'{ (•n from it ^ 

What IS the relation of these loci to AB, ami to one another ? 

• 

(h On squared paper rule a*\i“itu;jl*sttaight line AB. and plot a 
number of points each distant 2 m frmn it. tin te hcing no restriction 
a.s to the side of AB*>n which tlu \ Jic VMiat line or lines would pasn 
through all such points ? 

• • • 

7. Draw on squared jiajs-r two horizontal parulkls AB, CD of 
indefinite length and It inchiH aparf Mark an\ jxunt P whose 
})eppendicu!ar distance fn-ni AB is I o' If P moves so as always to 
be equidistant from AB imM CD, w^aP lor us d'S H it lrac(‘ out 

8. AB IS a •fixer! straight line of jmletinite length QP ifl a straig^it 

line H em. long, and one en4 Q nioxes along AB , Draw the locus of P ^ 
when » 

' (i) QP keeps perpendicular to AB throughout thTs movement : 

• » * 

(..) QP IS inclined to AB at a constant angle of fgr. 
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0. LM Ih a Mtraight bar Inn;', atid O w a Hxcd pivot in U 2 feet 

from L if the bar rc^atcH about O, what w the locus of L ? What is 
the l<K'U8 of ^ * 

Dra^ a fij{ur^ (l.inch Joot). s' 

if the bar were bciR ft 0 ho that tin- pails LO, OM made a constant* 
ant;le. say of IMf)’, wWt would bo^u‘ loci of L and M, as the be-ht Jaar 
revolved al)^uf 0 ? • / 

Illustrate by a figure 
• « 

10. A bar OQP w b<mt so that the parts 0^. QP make a constant 
angle, say of 120 ', at Q Tlie bent bar revolves about O. What is (he 
locus of P ? lllustrati' byga Hketch, and i^ive a reason for your answer. 

1 1. Draw (on .Hipiared piipei-) a tiiiHigle ABC, making BC hori/ontal, 

ami rt --2o*, h II O"'. t 4 Kule at about eijuid intervals some 5 

or 0 straight lines paiallel to BC and terminated bs AB and AC, or tin so 
Ime.s produced. Cay each parallel LM. and mark its muldk* point P. 
Draw a line pissing through all the points marked P. 

12. With a fixed point 0 as centre and with radius 2 inches drav a 

CM do and let AB 1 mi a hori/.ontal diaimder. lUle chords parallel to AB, 
A or on (vu’h side; and in each < hold mark the r>.id(U' point P. What 
line will pass tliiough .ill the point.s maiked P ? ^ 

‘ i 

13. Draw a rectangle OQPR, making OQ 10 cm., and OR H cm. 
Suppose the rei'tanglc to revolve alxait a pivot at 0. What is the locus 
of Q, ofpR, of P ? • What IS tin* Imigth of OP ? 

14. On .squared paj»cr take a lixed hori/.ontal straight lino AB of 
indotinile length, and let X be a point on if moving fnim A t(*wards B. 
Suppose XP is pci pcndit'ular to AB ami that in all of its positions 

■MxP XA. Plot the locus <.f p 

[Do this bv drawiiiit perpendiculars to AB at ])oint.s (X) distant 0..'>*, 
l-O', I-.r, 2-0’, e*c., from A ami m.jke XP )•.>", etc., in 

length III the corresponding positions. Then draw a line through all 
the positions of P. 1 

t « 

1. 'j. \n in the last K.xerci.sc, AB is a txed straight line, and X a point 
on it moving from A tlnvards B XP is a line of variable length i>er** 
pcndicular to AB. Plot the lon^s of P when in all |M>sitions 

(i)XP-2XA; (fi) XP-3XA. 

* •* 

Itt. IXaw a straight line AB of lAdetinitc length, and mark a fixed 
poyit 0 3 inehes fro^i it. la‘t Q bo nay point in AB. am^ P the middle 
{aunt of OQ. H Q move's along AB. plot tlig locus of P. 

[Do this by drawing OQ m a senes of positions (say 5 or t>) on ojieh 
side of the |>erpenfiieular from O to AB : and in earn position of OQ 
mark its middle |K)int P. l)Rvw a liiu«.througlu which all these middfe 
points lie.] 



' W. Oraw two parallel straight lines AB, CD. r> cm, apart ; and draw 
a straight lino LM, oi lixed length 0 ein., haMiwj its ends L and M on 
AB and CD respeeJlveK. If LM slides along the parallels, ofot the locus 
of its middle !li)int P. ’ 0 

Ip. - Mark a fixed [loint A. and draw sevenil^yiicleh of railius 4 eni.> 
each passing through A. What lint *would pass tlmugh^he centres of 
all the nreles tiiat could be so d>a\tn ? j • 

in. Take two Hxed piunfs A ami B »Hirn apaft. and niaik X the 
mid-j)nint between jIheA. Then lind two ]ioin(s eadi distant H-r» cm 
from both A and B (hy drawing inteisecting arcs from A and B us centics 
and w'lth radms It'.'") cm ) Simihitlv plot y«iij^ of points wliose distances 
from A and B are 4 (l cm., 4'.'> cm , U i» cm . •''» cm , and so on. 

Note that eacli of these pointdfc.s tt{uiik«l«nil fiom A and B Draw a 

line througli thcm».ind siix how this hue is lelafed t<i the straiglit line AB. 

20. An isosceles tnaiigle PBC stands on a fixed Imsi* BC of lengtli 

1) em. If the altitude of the tiiangle vanes, what ft tlie fcncns of P ? 

‘^1. Draw two straight lines AX. AY of imh'liintc length, making a 
fixed angle at A, sa> of tifl'- l’l'’t h ru-s of •» points at distances fiom 
both AX and AYj'f I jcni , 2 < m . n • m . etc 'fhis max be done for the 
present purposi' nv tnal Note that cadi sm h point of mtcrsis t ion i# 
fquiilimtut from AX and ^Y , Dmw a line passing thiough them all, 
and observe its relation to AX and AY 

22. Repeat the last R\er< ise, making the i. XAY 120". 

• 

23. How many paralldo-irams (oiihl he drawn on a fixed base 2 in< hes 
long, and having an altitude of 1 indies Dtaw six sm h parallelo- 
grams, and in cadi one maik tlic jioint of nitcosi cti'ui of its iliagonals. 
Draw a line passing through all thisc points. 

24. Draw a ende <■! radius (m , and take a fixed point 0 on its 
cireumfcrerice. Swjiposc Q to 1 m- h ino\nig point*>ii the ( ncumfeienee, 
Plot the liKUs of P. the mid-poffit of Qfil- 

Wo may now xtidon otir oonti ption of u lodis liy regarding 

not merely a.s the path tf^a ))oiiit moving tinder a given 
condition, but as an (Ufqrnjnto of eotiijirising ol) that 

satisfy the given t ondition|an<l ndne that do not. sutisfy it 

Therefore, in order tAihow th|t fbe locus of points ftatisVirig Borne 
given r<jndition is a certain line {ur lines), we must in stnclnwxs prove 

(i) that evftrv point satisfying fhe given e<tnditii*n IieN <)n that linr ; 

(li) that every point on fhat line witisfieH the given condition. # 

' XoTK, In this extended view <>\ a locus, the locul of p in Example 2, 
p. 154, conaiata of both*ihc panfllcla to /te, and not merely one or other 
of them. t • 
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Theorem 31. 

% * , 

The locus%-)f J)o^ntsV(ifti(ll.stanf from two fixed points A and B 

is the stmujld ImvUfsectimj ABj^U rujht anfes. . * 



Onr {)oir!4 oij \ho loon.q will chsirlv ho O, (ho niuhllo p(3int 
of AB. OhsiM vo that O i.s a fixed jumit 

(i) Lot P 1)0 any otloT poijil such tk:it PA PB. 

.loin OP ’ * 

To prore that OP ts perpend irular to^ AB 

Outline of Proof. Show that tlio .V POA. POB nro concniont 
hy ThTonuii 1,‘f , 

* so that ^ POA - ^ POB ; 

hone*' PO IS ])orj)oiRliciilar to AB. 

That is, ovorv point P irhieh^ts eipudistanf from A and B lies 

on the straiyht Inn^dnseetiwf AB at nyht awfles. 

% 

(ii) Lot P Ix' any poiitt^in OP tlu‘ luTucndicular bisector 
of AB. 

Join PA* PB. 

To proir that P iif equidistant ymm A and B. 

Show that the a’ POA, POB ar| congruent by Theorem 9; 
, 80 that PA =^PB.4\ 

That is. every point on the fieriwndicular throu^ih 0 is equi- 
distant from A ahd B. 

tk- })er}wn(licular bisector of AB is the required locus. 



Theorem 32. i , 

The loCAi!^ {(f poiuts etji^uhstaHt fn^n^tiro (fu'OL^rait /fff lines 
•A^, CD, intersectimi in 0, is the ^niir of^i^ies ultieh huscU the 
anyies kiween AOB, COD. . • 



Let P h(‘ nmi point o(jm(li''t.int funii AB and CD . that i8. 
let the pi'rji PM th^ prijt PN. 

(i) To po)*’ thfit P /'• o/( the ln\ief>)< of (hi _ BOD (or . AOD' 
* .loin P to Oftkt* int*-i^'‘< tion of AB, CD. 


Thon in tin- ‘ PMO, PNO. 


j tin PMO PNO :u< i njlit diniles, 
berau.M* tin- hvj><»t<-nu--'- OP i-^ (oniinon, 

I and oin- Md*- PM oin- Md*- PN ; 

tin* inainjit-'' .tn- « oii^»rin-nt , Theor Mv 
.s(Mhat tin- _ POM tln-^^ON 
Tjiut is. P on tin- hi-n^ lor of tin- .. BOO 
(ii) L'-t P ln»(Oo/ point Oft thn l)i''«‘( tor of the .-BOD (or 
,_AOD|. ■ . . _ 

To proee that P is effuuli^tant from AB. CD 

Show that tlie/.‘PMO, '*N0 an- (on^nn-nt hy Tlnoretn 10 ; 

.so tha^ W PN » 

That IS, P i.s equidistant from AB. CD 

It follows that the reifuired Imois is the jMi; of hio ^ nhieh biseel ' 
l^ie angles k'tween AB and CO. 'i 
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• Vnterskction of Loci. # * 

' * I V . . 

Tho ?)f JiOcf itiay l)o uscA to find thfe position of a 

point vvliicli is to i\s(^ renditions. For corresponding 

to each cvn^lition«thrrr will be a /ecus on whirl^ the required 
point ruiJMt lie. Ibnire 1.11 points winch are common to thCvSe. 
two lo(‘i, tliUt is. •all thelpointa of intersection of the loci, will 
satisfy Ixith the given conditions. * 

Kv \Mi‘LK. To find a jxjint rqiildifilnnt from three given poinU A, B, C, 
which life not in (he 'imiie .straight hne.$ 

(i) 'Pile locii.s ')f [xmijIh fntin 

A arul B h the Htnmrht hue PQ, which 
hiHe('ts AB at rii'ht (jji^leH. 

(n) Siniilarfv, the Iixmh of points equi- 
tliHtant from B and C h the atiai^ht line 
RS vvlueh hiseets BC at riuht aiii'les. ^ 

Hence the jioint eomiiioti to PQ .ind RS ^ 

•must satisfy lioth eeudituuis: that is to ^ 

.sav, X th(' point of intel.s(>etlon of PQ aiMl. 

RS will he equidistant from A, B, and C. 



EXERCISES. 

((hi Theorem^! III. 112.) 

^ I. Take two fixed point, s A and B II inehos apart. Draw the locus of 
noitit.s e<|uidistaiit fioiii A and B. Kind a point on the locus 2‘r) inches 
from A and B. • ^ 

2, If a numl'cr of i.so.scclcs trfamzle.s stand on the same base BCX what 
line will pasi throii^di the vcrtiee.s qf them all ? ^ 

Take BC 2'fi'', ami diaw i8o.seelc.s triangles whose altitudes are respec- 
tively 2 O', 2 r»', and .'litr. , v * • 

It. A jKunt P moves along ft-slraiglU line RQ ; find the position in 
which It IS cijuidiatant from two given iTunts A and B. What difficulty 
arises if is jicrjicmlieular to A3 T 

« * ' 

4. A and B an' two fixed points within a circle : find points on the 
oiiMiiinfenmoe equidistant from A and B. How many such piiinta are 

1 there ? » 

5. Take two st^ight lines OA, OB. making the l 0=72®; and dr^w 
the locus of points equidistant from thdm. Find a point P distant 4 cm. 
ffom both OA aiyi OB. 



inAk^eotiox of loci. il 

*• 

(J. fwo Htnunht litu'8 AOB, coo t at JO, makinj^ the LBOD 

- <)0 . • Dnnv tlu'JoouH <>f JMtlrlt^ vqiiuh'.tuiit ftf>in tlioiu iuhiin 

pniiits (’ftu ht ilist.un^ fi'itii Loth ^ llhihl latt# \ ctjr < r 

r>\ a figure. * | • • • ^ 

M *A jMiiiit P ni<>\cs a >lriuj;lit liiu* R^i lind Iho m 

wliuh Jl is eijimliitant Ir'-iii uiU'i-^otti^^' Miraiultt liii^pA, OB 

this juftsililr ? I 

S Draw a <nvl(‘ of^radiiH 1 .') im lit"' .^and flmt a jviimt P 

runvos BO that its divtanor iH-ni the < in uiidi-n in c {nioahviii’d radialK ) 
Is alwa+s 0 .'i imh Sln-w 1)\ a li^'urc that tin- hmis of P (oiisists of tint 
cin’los. How am tlic\ ^ituatoil *' • 

If till' distaiuc of P fr->m the i^iuinfri^'iico \mt(' 1 o". what would tlic 
lofus tin'll I«‘ ^ 

0 A and B arr two fjxoif [K.inl-' L < in apait rind poiMfs whidi am 
4 ( ni. (Intaiit fioin A. and .'i < in fi<iin B 1 xplai# tln‘ f ion h_\ 

tlu' method Ilf hu 1. 


id. AB and CD are t wo strai^rld Inns int< i-*! < titii: at 0. r'liid points 
3 etn distant from AB, and t cm fi<im CD li"w n)un\ solulions am 
them ? • • • 

I 

11. OQ and OR am tw^ )^rui<:ht Inn--, i.f fund and H|ind lenj.’tli'', 

revolving about 0 at tin satne lute in <>|.pi.sit(' w.i\s. if tln\ start 
together from a lixcti dim<tionOA. what i-' tin loins D) R. (■>) "f Q* 
(in) of P, the middle point of RQ, y • • 

12. Draw a tri,ini;|c ABC from the following' data a 3 h- 1 (f, 

Draw the lot us of point" isjuidistant fiom B and C ; also the 
loeuH of points e<|nidisirtnl from (land A If tliese Ion interw'it at S. 
show that SA SB SC ^ 


13. Draw a tn^nule ABC "f any shape , and^v the method of tlie 
Ia»t Exorewe, finil a point eipiidiHfant J»>ni A. B, and C 


14, Take two fixijd points A aini^ 2 d* ajiaH, and plot points P. Q, R 

distant respeetivelv 1 2d', 2 .V from both A and B. From eentres 

Q, R with I •.5", 2 •>'. 2 0' as rfdi^ draw,( ik les^ \\ hy w ill thew* < irele* 
pass through A and B ? What m the I«kuh of the centres of all circles 
which pass through A and B ? ^ • 

15. Given a triangle^BC of nny^shape Draw the locuaof jKunts 
equidistant from AB, AC?; and hence find a point in BC wpiidiMant from 
the other side^. 


16. Draw' a 1 . ABC froil! the following data ; w H .5 cm , 6 - 10 0 cm., i 
r-7'0 cm. Draw the locu.s of launts equidistant ’^om BA, BC ; also 
t>e locus of points equidistant from CA, ^B. 

If these loci cut at IT show tftil I is equidistant from the three sides 
of the triangle. * 

B.Sh.G.t 



^62 • 




17. Draw a triancle of an^- shape, and find a point I which ‘ia equi- 
distant frop) the threi aides. 


18.^ I)rii\? ti ABC of any shwa 

distant from ^and Q, and alao equidistant 


; and find s /'point P equi- 
from AB, A'C. 


111. Draw^wo pafallel straiKht^inea AB, CD 3 inehea apail, and take 
a point 0 hatweet» tftern 0 5|neh from ^B Find (if poiiiblo) a Doint or 
points equidistant from AB ind CD. and at a distance from-O «?f 
* (i) inches,# (ii) I inch, (lii) Jl’o inch. 

How many solutions will there he in each ca.se ? 'Use the same fi^mre. 


2t). On a K>ven hase ('•nstiuct a trianj'le of ^ivcn altitude, havinp; lU 
vertex on a j^iven stpii^^ld line. 

w 

{Thf KxamjifeM given hrlnir are to hv worked iheoretimlly ; that t.s, with- 
cut fihtting, i/ahs.y othfnn.'ie stotni It wtll he snffiennt to prove that et'ery 
point miiefytng the tonditmn on the .supfiosed Iocuh, m in these 

inutanres the Snreh'te followf> leadihj ) 

21. A is a fixi'd point, and a vaiiahle jminl Q moves (»n n fixerl straiffht 
line BC. l*ro\e that the locus of P, the muhllc point of AQ, is a straight 
line parallel to BC. 

♦ ^Draw AX perpendiculai to BC. and Insect A)^at f^. Note that R is 
a fixed point. .Imn RP. Then see 'Kheorciq 23 ' * 

22. A IS a fixed point, and Q moves on a fixed straight line BC. 
Jinn AQ and piodnce it to P. making QP AQ. Find the locus of P, 
ami gi\tti a theori^tical proof 


23. AB and CD are parallel stiaight lines, and 0 is a fixe<l point. 
Through 0 a senes of straight lines aie ilrawn to (-ut the parallels at 
X and Y. Find the locus of P, the middle jioint of XY. (i) when 0 » 

<^ut»i<ie the jmrallcls , (ii) when O is'^lietueen them. 

24. From a fixei i^l >omt O as eentre ami with radius {] cm. draw a 

circle, and mark a fixetl point .A 4 cm., from 0 If'a xariable point Q 
moves round the citxMimference nf the circle, jirovc that the lorua of P, 
the middle point of AQ. is a ciicle ^ ^ 

Join AO, QO. and Insect AO at H Note that R*is a fixed jioint, and 
OQ of fixed length.) ^ « 

23 If in Fxereise 24 the popit O were on the eireu inference, or out- 
aide it, prove tiiat the Imua would still ^e a circle. 

2t5. Ihaw a circle and take a fi,ike<l ]>oint Its oireumference. Let 
Q be a p^iint moving round Uie circumference. Join AQ and produce 
it ^o P, making QP^j -AQ. Find the locus of P. and give a theoretical 
^ jwoof. 

27. A 9*rRight.<|rt>d of given length (say 3-4") slide® between two 
straight rulers placeil at right^angles to one another. ^ 

PlM the locus of its middle |Hnnt ; ^nd proh that this locus is the * 
fiHirth part of th<* circumfqrt'iict* of a circle. 



EiiteRCISKS ON Lori. 



"28. tBC is ft triangle on n fixed baMvBC. which w i^xiuced to’ D. 
If the vertex P ninvt*« no that the lP walwayn ijpie-htiif of the exterior 
<LPCD, prove thattils liKua isa circle. • 

\. f * 0 

2ft. ABCD a parallclo^am made «»# ^kIh coiTne<|^cd by }>ivotft. 
If AB fixed, find the l.xua of the midtlle point CD 

30. OX. O'lLare .Htninrht Hiu|| of UHlcfimte lenuth ut ifgjiit angles to 

one iinf^hei:. RS. a line of fixtnl length, |ilule>4 between OX and OY. 
RP and SP are porp<‘ndieular to OX andOY. Piov| that ;hc locus of P 
ia ft ciri'je. • 

31. ^^BC H a given triangle, nml the point Q iuovck on BC From Q. 

i in any one of its position'll QR. QS are diCwn juirallel to CA, BA. 
i'ind the I(H us of P, the middle [>f|nt of R^, and give a (heoretinvl prr>of. 

32. ABCP IS a*<|U!idiilateraI, of uliuli (he lengths of the sides AB. 
BC, CP are 8 0 cm , 7 O em . 1 0 < m . and (he dingtinal AC ft 5 cm. 
Prove that the locus of P is a cirele What ate i(t» ent tj^ ami radius 1 

* 33 CAB Is one of a “STIcs of isoseelen tiiangles on a fixed b.'U^ AB. 

If AC is produced (o P making CP AC. fimi the |oi us of P for varying 
, I>ositions of C ' 

• • 

34. 41' \'" straight lines OX. OY int at right angles, and from 
• h point within the angle MOA'. iMTpendieuhirs PM. PN ate drawn to 
OX, OY re}HK*ctive|\ Plot the loeus of P when 

(i) PM ! PN IK eonstant ( ft <m . suv) . 

(ii) PM - PN IS constant ( 3 < m . sast * 

In each rase give a theort'tical jtroof of the icsnit x(mi arrive ift 
experimentally, 

3-7. Two straight lines OX. O'!* cut at tight angles; and Q and 
are points in OX and OY lespis tivelv Plot the io( ns of the middle 
point i»f QR, whcii, •. 

, (i)OQ'OR cf'fistonif ftcm.Havl;' 

*(") QQ OR ntrisymt ( 3 cm , sa\ ). • 

Give a theoretical proof of vonr^result 

• • • V • 

36. The .^PBC stamls on a fixetl base BC What is the loeus of 
the vertex P, if in all positioiw^he aretfof th** triangh is (onstant ' 

For example: If the^onstant area 22 stj em , and BC 7,6 cm., 
calculate the altitude .xr»rdraw th^ l<Aus of P 

If, in atidition, BP --100 cm., conatruet the triangle. 

f • 

37. Draw a triangle ABC, having given « ^’0', h 2-'>\ c 4'K',^ 
On the baae BC construct an isoscelea triangle having the sn^ie area. 

38. On the baiw' BC,of,a ^C eoastfuet a t^'ond triangle equal m 
area to the first and having its vertex P on a given atraight line R8. 



GEOMETRY. 


1^4 

:i(t. In a qiift(kilatorftl a8oP thr lonf^ths AB, BC are piven, 

_B. Kind th<‘ locus <4 veitcx P, if it moves! «o that the are^i of the 
quudnlutert^js constant. . t» 

40. ABC is^ii pA’cn tnffnflc, and Q afnovinp point'iff BA. In CA 

take a |»oint R sueff |haf CR BQ ; and join CQ. (kinqilcte ,the» 
naralldopram^CRP f'tlicii liiul tiir locus of P. * ^ 

• * I / ^ 

41. AB i.s a lixed diamettf of a ciicle. Fiom Q. a point_ mcymip on 
the circuinf('r< 4 nce, QfP is dr^wn paiallcl to AB and of constant Icnpth 
(say e<iual to the diatnctci ..nhc ciiclc) Find locu.s of P, and lmvo a 
proof. 

iL>. ABC IS one of .Irenes of npht nnph'd tnanples described on 
either siih' of a pivcn*base AB us )i\ p<^‘mis«*. and P i.s the mid-point of 
AC. If AB IS bisccte(| at 0.*p"''<* h)cus ^)f P, foi dilTcrent 

positions of C. IS the circli' on AO as diameter. 

4!{. A . \ P^C sf<n<is on a li\c<l base BC and is of constant area; 
find the locus of tln^ intersection of it.s medians, [See p. 02, j 

U. ConstriK't a trianplc. havmt; pivcn the base, tiie altitude, and 
the lenpth of th(' median which bisects the bastf 

* 4.>. Taki' A and B two fixed points (5 cm. apart Plot (withou^ proof) 
the locus of a jiomt P that moves so that AP* 2BP , 

4ll. A and B are tixe<t points on the circumference of a circle, and 
PQ a dituueter van^inp m position. Plot the locus of the intersection of 
PA nnd*B. 

• 

47. S IS a fixed point 2 inches distant from a pivcn straipht line MX. 

Find two jioints which are 2'| inches distant from S, and also 2J inches 
4 j^taut from MX. • 

48. Find a st'nes^f points equidistant from ajxiven jxnnt Sand a 

jtivcu atrai^ht line Ma. Di.iw a curve freehand piusJ^ing through all the 
points 90 found. * • * 

40. S and S' are two fixed poiuls. Find a sesfes of points P such 
that , 

(i) SPAS'P •"•.'oust aftit (say ll o inches) ; • 

(ii) SP " S'P- cijnstant ^y To inch). 

In each ease draw a curve fretdiand jmssinff through all the points 
so found.j^ * » 

iW. A straight line OP revolves about a fixed point Q at a uniform 
rat© of 10® j>er Recona. Also OP increases iq length at the uniform rat© 

' of 1 cm. per second. ?it starting OP was 2 cm. in length Plot the locus 
of P during ^he first fi seconds. 



ANSWERS TO Xl’MERl^AL KXE^CISES. 

% - • 

Stiu'( litt (iOh^ cn^( camiot "'1^ nfitoiult circmui'i, i<i 0 'Oi I, '^uHt *o 

oti'amed arf hltip tu 6t ontv miii. Jht anUk-imt Imr Omw touxd (n^ 

#ri.'cu{aO(m, and tm* to 'or nn ttn./ tjo, o tiv uhuh l!i< t'udint 

*u,ai/ tfit niDfctnrtt of hit duivn.q i^'ijurr I'tnf \rtthn\ our /h’i tent, 

of (Aoic J/lMrt iU mno '** rontul/'i^ 1/ ® 0 

*• I 

ImHODH IK'^ • • 

• ^ 

II. Measurement of Straight Lines. Pages 4, 5. 

6. I S", :i r. 7. 1 . Ill . N ^<111. 

8. 1 S', 1 T, 'M". 9 •s ciiij^ 4 S cm *:i 7 om. 

'0 0; ‘i o", I 'i",*! I", 0 7 ': hi) .‘i n cin 

18.' -j-ri-icm 14 o:«r. 

15. AB - .1 ‘2.7* S ‘2 cm BC 0 ‘H* ' 2 H ,‘m. 

CD -'2“2;r .7 7(111 DA 100' 10 cm. 

• 'EF- 2‘GO* -6 0 ( m ^ AC 3 lo" 7 H cm 

BD .. '2 wr --r 1 cyi. GH - I :i;.' .'l .7 cm 

% 

Illf Circles. Page 8. 

11. P is ‘2 i7* from A .tiuI from B Q in '2' Irom A and from B. 

12. Two; one on each aide of AB. IS. Two. ♦ 14. 


IV. Angles. Pages 13, 15, 16, 19. 

*• '2* 3( 5» f > li!' I (• I * .14 ’ ‘.;0* 

3. 60°, 45", 144", ‘200", .foo^. 4 h !> ^ k.- h 

6 . . W , 90 ", 180 >‘ 27 O °. 6 . 30 ", l .')<*.^216 

7. ftmoi** 17 mm., IJ mm. * %* «>o' 8 7. 

10. 4*2°, 15 hoiih. ^ * • 

11. ^APX^Ifi", .-BQX-60" ..CRX - 102", -D8X=.135"; 

• APY 1 48", ^ BQY ^ 1 •2<i". •- C R 'A 78", • DSY - 4.7" ; 

^AOB^‘2H", .-AOC = 70". i-AC>D-lo.r, 1 BOD = 7.7*; 

• _BOC = 43% .iCOP = H#, .-POR^Tl*. ^ 

14. 9.7°, 85*, 9.7’, 8.7*. A , • * % 

16. coirs', ^ACD = .‘U’, -DCB = .76, -.ACB = 9(r, ^ ADC = 112*, 
• .iBDC = 68*. ^ • 

28. (0 i.BOC = .37*, ..COA = 143*, ^AOD = .t7^ 

■V (nl ^DOB = l5r, -BOC = 29\ ^COA=15f; 

(in) lBOD = 137%*.-1X)AP43", ^tX)B = 4.r. 



GEOMETRY. 


4 r • 

V. Direction, f^arallels. Pages 21, 22. 

1, 46*. , 2. 2‘2V- 9. 44". 10^ (i) 74* ; tit) 106*. 

VII? Oonatm^lftn of Tria^les. Pagel 30-36. 

12. .sr. 18^Z.A=^X==40", lB-^Y=73"‘ • 

18. AB-i(5-r):r*AC-f«-‘2:r. i 

17. AB - X Y ^ t :r, BC - vl: e-.r. 

21. lB-_’? -40 , ^C = |Z--S(;°. 

VIII. Heigli^a and Distances. Pages 39-42. 

I. rt mi. 2. ;iii ft ^ 3. iMyt- 4. 17 ft. 6. 2i mi. 

6. :U mi. 7 .'.O.-im. *8. 7 S km. 9. yds. 

10. 0 « km. 11. 10 mi. 12. Ahout 301 nn. N. W. • 

13. 0.30 yds ^ 14 %{ km. 16. No, by aWu 0*1 of a mile. 

17. i:U ft *18 .31 19. 10*2 m. 20. oO.') ft. 21. l.'iO yds, 

22. Nearly 17 mi 23 About 32 nu. 24. 132 ft. 28. 

# 

♦ • • 

ThKOKKTK'.M. (iKOMKTRY. 

• • 

Exercises. Page 46. 

4. .30^; 120’; ^<>1* ; 11 mm.; .37 min. 

f. 1 12 J " : l.'o firs. 4.3 mm, 6. .30“ ; 8 hrs. 40 nijn. 

7. i\) 14.3’, .3;3^ 14,3^ In) .3.3 , ;3.3\ (m) 86", 04". 

8. 2H4“. 9. (i) 07“ (11) 71". 10. 126®. 

«l. ,30®, 72®, lOS , 144®. 1#. .35®. 

Exercises. ^age53. ^ 

3. -EGB=--.AQH:^_GHD^!. CKF*=^,34®. 

•*..EGAr-_BGH -_QHC .. DHF - 1*20°. * • 

4. (i) 37®; (n) 143®^ 10. (ij 1^» ser.s. ; (li) 30 sees. 

Exercises. Pmo 56. 

8. 27®. 4. 9*2®, 46®. 6. 8. 30®, 60®, 90®.* 

7. (i) 72®, 72® ; (ii) 20®, fuA 80®. 8. *40®, 9. 51®, ‘111®, 18® 

II. ^(i) .34®; (ii) 107®. 12. 6S°. 13. 12i3®. 14, 36®, 72®, 108®, 1^4® 

, ^ * Exercises. Page 69. 

I, 165®. 8. (i) 6 ; ,(ii) 15. ^ , (k (i) 45® ; (ii) 38®. ' 





answers. 


6. 

7. 

40. 

* I*, 
lo! 


Exercises. P4o8^* » 

54®72*.64".^ y. 36*. 06 

(i)16;^(^"; (hi) fir per «ec. , . 

K* 

Exercises. %Page 05. * $ 

a^oni. ^ 8. 2 ’24', V 0-39. | 6 2V>4. f. 10 6 cm. 

• . ^ercises. Page^OT. 

3*85'. 7. 147 ini. ;* 235 kni. ^ cm. rcpronentB 22 km. 

ExercisSi. Pafte 111. 

(i).one; (n) t«o: (ni) one, iuikIci! ; (n) one. 

346 yd*., 693 ydK. 8 UohuIn e<j^l. 9^em. 

380 yde. 11. 6<>^, 120',, 

Ji) onOBolutnni ; (ii| two; (in) one, nulii aiiKlfd ; (iv) i!niK>«Hible. 
'37 ft. 20. 112 ft\ 28. 5*H eni., I 2 < ni. 24 7 cm., 8 cm. 


^ Ejexyises. Page 115. 

3 . 54 " 7 (i) two; ( 11 ) om- 


8. Uf. 


Miscellaneous Examples. Page fis. * ^ 

, 70®, 82®, 1 h/, 9H^ 10. 7H\ 102'-. 88. .36 ,168®. 


Exercise!. Page 122. • 

1. 2*80 sq. in. 2 .T.IO m. 3. .3 .'10 »<j 4^1 4. 3*.3(> w|. in. 

6 . 198 sq.m. * 6 . 42 sq. .8 llOscj.ft. 

0. f -6 in. 11. AM- .vd-* : yd»- : 4 H in 

1 !. 11700 sq.m. • Is lein. eiOydn. 14 UK> nq. ft. 

JI. INfsq.ft. iS. 2^0 ft. ^ ^17 7.3 N,. ft. 

> 

Exercises. Page 128. 

1. (i) 22 sq. cm. ; {ii)J3 6 in ^ ! 3 4 sq iii ^***’^'- 

6. ^ 0) 18<f«|. ft ; (iil 8 4 w, m. • 

7 - (i) 1344 sq.cm. ; (ii) 1.5-40 sq. cm. ; (hi) 20r.5O wf cm 
1. llaq. om. 9. •13 cm. • 

^Bkerciiws. Page 133., ^ 

« sq. in. 2. 170 sq. ft. 8. 8-4 sji. in. f 31 iq. c». 



• • ' 




Exercises. Pa«e 141. 

(i)i^ehJi (iif 6*5 on#; (iii) .3^' 2. (i) Ijfi" ; 

(i) ondjiii). 4, * 41 ft. 6. 65 mi. 6. 61km.*' 

48 m. 9. 25 lu. 10. 73 m. y. 6*2 ft. 




12. 7*07 om. 


Bxercises. Page 142. 
, 13. «6*93 cm. 


Exercises. Page 144. 

1. (i) 26 c/fl. ; ; (li) 40 cm. ; 39 cm. 

9, 36 cm. ^ 12 c m. ; 306 «<i. cm. 


66 sq. ft. 

4. 84 8q. yds. 6. I'i^'sq. m. 8. 

^ 7. ^180 s<{. ft. 

8. 306 8 ( 1 . m. 9. .5*1 cm. nearly, i 

41> (i) 36 9q. in. 

; (ii) 90 8q. ft. ; (iii) 126 aq. cm. ; {iv)^4fc 


Exercises. Page 147. 

. 1. 7% cm. • 

• 

^ . 

Exercises. Page 148. 

1. om. 

2. 8*40 8q. in. 3. 27*52 sq.^ 

imU ISBIROsq. m 

6. 1(#46 sq, in. 

li 

• 

Exercises., f age 149. 

U 

3. 31 cm. ;• 15-6 8q,^m. 


, Exei^ises.* 150. 

3. 10 om. 

** 9, Side^2*4'. 7.* 1*6', 3-0* 

« 

% 

. 1 MlsceUantons Dxvftplos. <r]Page 132, 

If* 2*25*. 

^15. 4*3 3q. in. , 20. 3*6 om.; 2(^6 sq* 







